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Abstract – A steady rarefied gas flow with Mach number of the order of unity around a body or bodies is considered. The general behaviour of the
gas for small Knudsen numbers is studied by asymptotic analysis of the boundary-value problem of the Boltzmann equation for a general domain.
The effect of gas rarefaction (or Knudsen number) is expressed as a power series of the square root of the Knudsen number of the system. A series of
fluid-dynamic type equations and their associated boundary conditions that determine the component functions of the expansion of the density, flow
velocity, and temperature of the gas is obtained by the analysis. The equations up to the order of the square root of the Knudsen number do not contain
non-Navier–Stokes stress and heat flow, which differs from the claim by Darrozes (in Rarefied Gas Dynamics, Academic Press, New York, 1969). The
contributions up to this order, except in the Knudsen layer, are included in the system of the Navier–Stokes equations and the slip boundary conditions
consisting of tangential velocity slip due to the shear of flow and temperature jump due to the temperature gradient normal to the boundary. 2000
Éditions scientifiques et médicales Elsevier SAS
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1. Introduction

The study of the relation of the two systems describing the behaviour of a gas, the system of classical gas
dynamics and the Boltzmann system, has a long history (Boltzmann [1], Hilbert [2], Chapman [3], Enskog [4],
Grad [5], Darrozes [6], Sone [7–9], Sone et al. [10], etc.). The first mathematical analysis is the work of Hilbert,
where the solution of the Boltzmann equation is obtained by expanding the velocity distribution function and
the macroscopic variables, such as density, flow velocity, and temperature, in a power-series of the Knudsen
number. In this solution, the velocity distribution function is expressed in terms of the component functions of
the expansion of the macroscopic variables: density, flow velocity, and temperature (or pressure), and a series
of equations for these component functions of the macroscopic variables is given. (The set of equations of
macroscopic variables that determines the behaviour of a gas will be called fluid-dynamic type equations.) The
set of equations appearing at the leading order of the expansion is the Euler set of equations for the leading
terms of the expansion of the macroscopic variables. The fluid-dynamic type equations in the following orders
consist of two parts: (i) the terms that are derived from the Euler set of equations by substituting the expansions
of the macroscopic variables in the Euler set of equations and arranging the same order terms of the Knudsen
number and (ii) the inhomogeneous terms that enter as the contribution of stress and heat flow expressed by
derivatives of lower-order quantities. In this system the Navier–Stokes set of equations never appears. (The
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reason is made clear in Sone [8]; see also Sone and Aoki [11] and Sone [12].) Probably because of this reason,
Chapman and Enskog, independently, developed a skillful expansion, where the velocity distribution function
is expanded, but the macroscopic variables are not, and obtained a series of fluid-dynamic type equations. The
leading set of equations is the Euler set of equations, the second is the Navier–Stokes set of equations, the third
is the Burnett set of equations, and so on. Owing to the derivation of the Navier–Stokes set of equations, the
Chapman–Enskog expansion is mainly referred to when the relation between fluid dynamics and kinetic theory
is mentioned. However, disadvantages of this expansion are also reported. For example, a non-well-posed
set of equations appears after the Navier–Stokes set (e.g., Sone [13]); it shows some unfavourable behaviour
of solution when a boundary-value problem is considered (Cercignani [14]); the order of the differential of
the equations increases as the approximation advances, which introduces problems for the construction of
its boundary condition. Another point, which is not so well noticed, is that the Navier–Stokes set is just a
perturbation of the Euler set. Thus there may naturally arise the question of whether the Navier–Stokes set is
derived directly for the system of moderate Reynolds numbers. These kinds of questions can be made clear
by the Hilbert expansion, without bypassing via the technical Chapman–Enskog expansion, if one specifies the
situation that one wants to discuss, and if the correct ordering of the sizes of the variables is made beforehand.
(See, for example, Sone and Aoki [11], Sone [12].) Incidentally, the structure of Chapman–Enskog expansion,
for which the original articles are not clear-cut and are lengthy, is clearly and briefly explained in Grad [15].

In these two expansions themselves, an initial- or boundary-value problem is not taken into account. A
general theory for initial problems is developed by Grad [5], where the initial layer is first introduced and the
initial slip condition is analysed systematically. The boundary-value problem for the steady behaviour of a gas
for small Knudsen numbers in a general domain is also discussed (e.g., Darrozes [6], Sone [7–9], Sone and
Aoki [16], Sone et al. [10].) In Sone [7–9], the case where the state of the gas is close to a uniform state at
rest is considered, and its asymptotic behaviour for small Knudsen numbers is analysed on the basis of the
linearized Boltzmann equation. The overall behaviour of the gas is described by the Stokes set of equations
at any order of approximation. The boundary condition for the Stokes set and the Knudsen-layer correction in
the neighbourhood of the boundary are obtained up to the second order of the Knudsen number. At the second
order of the Knudsen number, a thin layer with thickness of the order of the mean free path squared divided by
the radius of the curvature of the boundary appears at the bottom of the Knudsen layer over a convex boundary
(Sone [17]). This is due to the discontinuity of the velocity distribution function of the gas molecules over a
boundary (Sone and Takata [18]). The slip boundary conditions up to this order, as well as the fluid-dynamic
type equations, are not affected by the existence of this layer. Sone [8] and Sone and Aoki [16] extended
the linearized theory, which corresponds to the case where the Reynolds number of the system is very small
(Re� 1), to the case where the Reynolds number is of the order of unity, for which the linearized Boltzmann
equation is no longer valid, and the expansion is carried out by taking into account the relation among three
important parameters: Mach number Ma is of the same order as the product of Reynolds number Re and the
Knudsen number Kn (Ma∝ Re Kn). The leading fluid-dynamic type equations are the Navier–Stokes set of
equations for incompressible fluids. The next-order equations are the second set of equations of the Mach
number expansion of the Navier–Stokes set for compressible fluids with an additional thermal stress term in
the momentum equation owing to a rarefaction effect of the gas. The boundary conditions for these sets are
the nonslip condition for the incompressible Navier–Stokes set and the slip condition consisting of tangential
velocity slip due to the shear of flow and the temperature gradient along the boundary and temperature jump
due to the temperature gradient normal to the boundary for the next-order set. It should be noted that the
slip condition alone for the Navier–Stokes set is not sufficient to obtain the correct first-order effect of gas
rarefaction. The restriction imposed in this work that the variation of the temperature of the boundary be
small (or the same order as the Knudsen number) is eliminated in Sone et al. [10], where an important
result, which shows incompleteness of the continuum gas dynamics (classical gas dynamics), is derived. The
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above-mentioned works on the boundary-value problem are limited to small flow velocity (or a small Mach
number). Darrozes [6] considered the case of a finite Mach number. He claimed that the behaviour of the gas is
conveniently described by splitting the domain into three regions: the overall domain described by Euler-type
equations, the viscous boundary layer in the neighbourhood of a boundary, with thickness of the order of the
square root of the mean free path, and the Knudsen layer at the bottom of the viscous boundary layer with
thickness of the order of the mean free path. One of his main conclusions is that the boundary-layer equations
describing the leading effect of gas rarefaction contain terms that are not contained in the Navier–Stokes set for
compressible fluids. Incidentally, when a finite Mach number is mentioned, one may think that this is a general
case that covers a small Mach number case. This is not so in the case of small Knudsen numbers, because a
finite Mach number means a very large Reynolds number owing to the above-mentioned relation among the
three parameters. Thus, a finite Mach number is, rather, a special case to be treated separately.

Darrozes’s work, though pioneering, is simple, and the systematic system of formulas, as well as a course
of analysis, that is required to understand the theory and to apply it to concrete problems is not given. Thus
we reconsider the problem and develop a complete asymptotic theory of the boundary-value problem of the
Boltzmann equation for small Knudsen numbers, where the viscous boundary-layer equations are derived
directly, not as a perturbation of the Euler equations. Some important results as well as a systematic set of
formulas, which are not described in Darrozes [6] and even disagree with his main statement, will be shown in
the following analysis.

2. Problem and basic equation

We consider a rarefied gas in a general domain except that the shape of the domain is smooth. The boundary
of the domain is a solid boundary through which there is no mass flux, and the characteristic speed of gas flow
compared with the sonic speed is of the order of unity (or the Mach number is of the order of unity). We will
investigate the asymptotic behaviour of the gas when the mean free path of the gas molecules is small compared
with the geometrical characteristic length of the system (or the Knudsen number of the system is small), and
try to find the fluid-dynamic type equations and their associated boundary conditions. The analysis is carried
out under the following assumptions: (i) the behaviour of the gas is described by the Boltzmann equation;
(ii) the gas molecules make the diffuse reflection on the boundary. (The extension to a more general condition
is noted in the course of analysis.) In the following analysis we use nondimensional variables characterized by
the equilibrium state at rest with densityρ0 and temperatureT0 (thus, pressurep0=Rρ0T0; R: the specific gas
constant or the Boltzmann constantkB divided by the massm of a molecule).

The Boltzmann equation for a steady state is written in the nondimensional form:

ζi
∂8̂

∂xi
= 1

k
Ĵ (8̂, 8̂), (1)

where (2RT0)
1/2ζi or (2RT0)

1/2ζ is the molecular velocity,xi = Xi/L (Xi : the space coordinates,L: a
characteristic length of the system),ρ0(2RT0)

−3/28̂ is the velocity distribution function of the gas molecules,
k = √πKn/2 = √πl0/2L (Kn: the Knudsen number;l0: the mean free path of the gas molecules in
the equilibrium state at rest with pressurep0 and temperatureT0. For a hard-sphere molecular gas,l0 =
m/
√

2πd2
mρ0, wheredm is the diameter of a molecule.), and̂J (8̂, 8̂) is the collision integral.

The collision integral is expressed as

Ĵ (φ,ψ)= 1

2

∫ (
φ′∗ψ

′ + φ′ψ ′∗ − φ∗ψ − φψ∗
)
B̂
(∣∣α · (ζ ∗ − ζ )∣∣, |ζ ∗ − ζ |)d�(α)dζ ∗, (2)
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φ= φ(ζ ), φ∗ = φ(ζ ∗), φ′ = φ(ζ ′), φ′∗ = φ
(
ζ ′∗
)
, etc.,

ζ ′ = ζ + α[α · (ζ ∗ − ζ )], ζ ′∗ = ζ ∗ − α
[
α · (ζ ∗ − ζ )

]
, dζ ∗ = dζ1∗ dζ2∗ dζ3∗, (3)

whereB̂ is a nonnegative function determined by the type of the intermolecular potential,α is a unit vector,
d�(α) is the solid angle element in the direction ofα, ζ ∗ is the variable of integration corresponding toζ , and
the integration is carried out over the whole space ofα and that ofζ ∗. For a hard-sphere molecular gas, the
function B̂ is given by

B̂ = ∣∣α · (ζ ∗ − ζ )∣∣/4(2π)1/2. (4)

Further it should be noted that̂B for a gas with a general intermolecular potential depends on the parameter
U0/mRT0, whereU0 is a characteristic magnitude of the intermolecular potential. (See Sone and Aoki [11]).
In this paper this fact is simply to be remembered.

The diffuse reflection condition on the boundary (or atxi = xwi) is expressed as

8̂= σ̂w

(πτ̂w)3/2
exp
(
−(ζi − ûwi)

2

τ̂w

)
(ζini > 0), (5)

σ̂w =−2
√
π

τ̂w

∫
ζini<0

ζjnj 8̂dζ , dζ=dζ1 dζ2 dζ3, (6)

whereni is the direction cosine of the normal to the boundary, pointing to the gas region,(2RT0)
1/2ûwi

(ûwini = 0) is the velocity of the boundary, andT0τ̂w is the temperature of the boundary. The condition
ûwini = 0 is required for the system to be steady.

The macroscopic variables of the gas, the densityρ or ρ0ω̂, the flow velocity vi or (2RT0)
1/2ûi , the

temperatureT or T0τ̂ , the pressurep or p0p̂, the stress tensorpij or p0P̂ij , and the heat-flow vectorqi or
p0(2RT0)

1/2Q̂i, are expressed bŷ8:

ω̂=
∫
8̂dζ , (7a)

ω̂ûi =
∫
ζi8̂dζ , (7b)

3

2
ω̂τ̂ =

∫
(ζj − ûj )28̂dζ , (7c)

p̂= ω̂τ̂ , (7d)

P̂ij = 2
∫
(ζi − ûi)(ζj − ûj )8̂dζ , (7e)

Q̂i =
∫
(ζi − ûi )(ζj − ûj )28̂dζ , (7f)

where the integration, and in what follows unless otherwise stated, is carried out over the whole space ofζ .

For the Boltzmann–Krook–Welander model or BKW model (Kogan [19]), the collision integralĴ (8̂, 8̂) is
expressed as

Ĵ (8̂, 8̂)= ω̂(8̂e − 8̂), (8)

where8̂e is the local Maxwellian corresponding tô8:

8̂e = ω̂

(π τ̂ )3/2
exp
(
−(ζi − ûi )

2

τ̂

)
. (9)
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We will investigate the asymptotic behaviour for smallk of the solution of the boundary-value problem of
equation (1) with equation (5) in a general domain.

3. Asymptotic analysis

3.1. Preliminary

Our previous asymptotic analyses for small Knudsen numbers of the boundary-value problems of the
Boltzmann equation for a general domain are carried out in the following way. First a solution whose length
scale of variation is the characteristic length of the system is obtained by a modified Hilbert expansion. The
adjective ‘modified’ is attached, since in the analyses, first the situation to be considered being classified
clearly and the size of the parameters characterizing the system being determined, then the relative size of
the Knudsen number and the parameters is taken into account in the analysis (or expansion). The Hilbert
solution is determined by the behaviour of the macroscopic variables, density, flow velocity, and temperature
(or pressure). These variables are governed by a set of equations called fluid-dynamic type equations. The
solution thus obtained does not generally satisfy the boundary condition on the boundary (on the level of the
velocity distribution function). Thus, a correction (Knudsen-layer correction) is introduced. From analysis of
the Knudsen layer, the boundary condition (or so called slip condition) for the fluid-dynamic type equations
as well as the Knudsen-layer correction is obtained. We will generally follow this procedure in the following
analysis.

The case with a finite Mach number and a small Knudsen number that we are going to investigate corresponds
to a case with a very large Reynolds number, seen from the general relation among these three parameters:

Ma∝Re Kn. (10)

(This relation is sometimes called von Karman relation but its exact relation including numerical factor has
had to wait for a rigorous analysis such as the present one.) According to the analysis of the Navier–Stokes
set of equations for a high Reynolds-number flow around a body, the flow field is split into two regions of
different characters: the Prandtl boundary layer in the neighbourhood of the boundary, where the viscous effect
is important, and the region outside the layer where the behaviour of the fluid is determined by the Euler set of
equations. In view of this behaviour of solutions of the Navier–Stokes set of equations and with the expectation
of the resemblance of the behaviour of a gas of small Knudsen numbers to that of the Navier–Stokes system,
an intermediate region will be introduced between the two regions: the overall region and the Knudsen layer.

3.2. Hilbert solution

In this subsection, we consider the case where an appreciable variation of the state of gas occurs in the
distance of the characteristic lengthL of the system (or where the length scale of variation of the variables is of
the order ofL), i.e. ∂8̂/∂xi =O(8̂). The asymptotic solution for smallk describing this situation is the well-
known Hilbert solution (Hilbert [2]), which is obtained by a power series expansion ink under the assumption
∂8̂/∂xi =O(8̂). In the analysis of the following subsection, where the adjustment to the boundary condition
is considered, we encounter a series expansion in the square root ofk, and therefore we will rewrite the Hilbert
solution in a power series of

√
k. Here we introduce the notationε:

ε=√k. (11)
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The Hilbert solution8̂H is now rewritten as follows:

8̂H = 8̂h0+ 8̂h1ε+ · · · , (12)

where the subscripth is chosen to discriminate the components of the present expansion from those of the
original Hilbert expansion. Correspondingly, the macroscopic variablesω̂H , ûiH , τ̂H , p̂H , P̂ijH , and Q̂iH

defined by equations (7a)–(7f) witĥ8= 8̂H are also expanded as

ĥH = ĥh0+ ĥh1ε+ · · · , (13)

whereĥH represents any of the macroscopic variablesω̂H , ûiH , τ̂H , etc. By substitution of equation (12) into
equations (7a)–(7f), the component functionĥhm of ĥH is expressed in terms of moments of8̂hn (n6m) (note
the nonlinearity of equations (7b)–(7f)):

ω̂h0=
∫
8̂h0 dζ , (14a)

ω̂h0ûih0=
∫
ζi8̂h0 dζ , (14b)

3

2
ω̂h0τ̂h0=

∫
(ζj − ûjh0)

28̂h0 dζ , (14c)

p̂h0= ω̂h0τ̂h0, (14d)

P̂ijh0= 2
∫
(ζi − ûih0)(ζj − ûjh0)8̂h0 dζ , (14e)

Q̂ih0=
∫
(ζi − ûih0)(ζj − ûjh0)

28̂h0 dζ , (14f)

ω̂h1=
∫
8̂h1 dζ , (15a)

ω̂h0ûih1=
∫
(ζi − ûih0)8̂h1 dζ , (15b)

3

2
ω̂h0τ̂h1=

∫ [
(ζj − ûjh0)

2− 3

2
τ̂h0

]
8̂h1 dζ , (15c)

p̂h1= ω̂h1τ̂h0+ ω̂h0τ̂h1, (15d)

P̂ijh1= 2
∫
(ζi − ûih0)(ζj − ûjh0)8̂h1 dζ , (15e)

Q̂ih1=
∫
(ζi − ûih0)(ζj − ûjh0)

28̂h1 dζ−3

2
p̂h0ûih1− P̂ijh0ûjh1, (15f)

ω̂h2=
∫
8̂h2 dζ , (16a)

ω̂h0ûih2=
∫
(ζi − ûih0)8̂h2 dζ−ω̂h1ûih1, (16b)

3

2
ω̂h0τ̂h2=

∫ [
(ζj − ûjh0)

2− 3

2
τ̂h0

]
8̂h2 dζ − 3

2
ω̂h1τ̂h1−2ω̂h0ûih1ûih1, (16c)

p̂h2= ω̂h2τ̂h0+ ω̂h1τ̂h1+ ω̂h0τ̂h2, (16d)
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P̂ijh2= 2
∫
(ζi − ûih0)(ζj − ûjh0)8̂h2 dζ − 2ω̂h0ûih1ûjh1, (16e)

Q̂ih2=
∫
(ζi − ûih0)(ζj − ûjh0)

28̂h2 dζ−3

2
(p̂h1ûih1+ p̂h0ûih2)− P̂ijh1ûjh1− P̂ijh0ûjh2. (16f)

Substituting equation (12) into equation (1), we obtain the following integral equations for the component
functions8̂hm (m= 0,1, . . .) of the velocity distribution function̂8H :

Ĵ
(
8̂h0, 8̂h0

)= 0, (17)

Ĵ
(
8̂h0, 8̂h1

)= 0, (18)

2Ĵ
(
8̂h0, 8̂hm

)= ζi ∂8̂hm−2

∂xi
−
m−1∑
l=1

Ĵ
(
8̂hl, 8̂hm−l

)
(m> 2). (19)

A comment is required here for the case of the BKW equation. The collision term of the BKW equation is not
quadratic, and therefore its expansion is more complicated than that shown here. The left-hand side operator
2Ĵ (8̂h0,∗) corresponds to the collision operator linearized around the Maxwellian8̂h0, but the terms on the
right-hand side are more complicated and should be taken as the symbol of the term of expansion at this
order as a whole. This comment applies to the whole discussions in the other sections as well as this section.
For example, the left-hand side operator 2Ĵ (8̂V 0,∗) of equation (43) corresponds to the collision operator
linearized around the Maxwellian̂8V 0 (see, e.g., (A4), (B15)), and the

∑
term on the right-hand side of

equation (45) is taken as the symbol. Further comments will be given for important results at each place.

The solution of equation (17) is Maxwellian:

8̂h0= ω̂h0

(πτ̂h0)
3/2

exp
(
−(ζi − ûih0)

2

τ̂h0

)
. (20)

The homogeneous linear integral equation (18) has five independent solutions8̂h0, 8̂h0ζi, and8̂h0ζ
2
j . Thus,

8̂h1 is expressed as (Grad [15]; Cercignani [14])

8̂h1= 8̂h0

{
ω̂h1

ω̂h0
+ 2ûih1(ζi − ûih0)

τ̂h0
+ τ̂h1

τ̂h0

[
(ζj − ûjh0)

2

τ̂h0
− 3

2

]}
. (21)

Then, the sum̂8h0+ ε8̂h1 can be written in a Maxwellian form as follows:

8̂h0+ ε8̂h1= ω̂h0+ εω̂h1

π3/2(τ̂h0+ ετ̂h1)3/2
exp
(
−[ζi − (ûih0+ εûih1)]2

τ̂h0+ ετ̂h1

)
+O

(
ε2). (22)

The Hilbert solution of equation (1) is naturally Maxwellian up to the order ofε.

Equation (19) is an inhomogeneous linear integral equation for8̂hm (m > 2). The homogeneous equation
corresponding to equation (19), which is the same form as equation (18), has five nontrivial solutions8̂h0,
8̂h0ζi , and 8̂h0ζ

2
j . Thus, the inhomogeneous term (say,Ihm) of equation (19) should satisfy the following

solvability conditions for equation (19) to have a solution:∫ (
1, ζi, ζ

2
j

)
Ihm dζ =

∫
(1, ζi, ζ

2
j )ζk

∂8̂hm−2

∂xk
dζ = 0 (m> 2), (23)
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where the contribution of the collision integral vanishes. From the symmetry relation of the collision integral
(Grad [15], Sone and Aoki [11]), each term in the summation of (19) vanishes on integration.

Equation (23) being satisfied, the solution of equation (19) is expressed in the form:

8̂hm = 8̂h0
(
cm0+ cmiζi + cm4ζ

2
j

)+ 9̂hm (m> 2), (24)

where9̂hm is the particular solution of equation (19), andcm0, cmi , andcm4 are undetermined functions ofxi
and related to the macroscopic variablesω̂hm, ûihm, andτ̂hm. (These variables are determined bycn0, cni , and
cn4 (n6m).) To make the expression of the relations explicit without knowing9̂hm, the following orthogonal
relations may be imposed: ∫ (

1, ζi, ζ
2
j

)
9̂hm dζ = 0. (25)

From equation (23) withm= 2, the following Euler set of equations is obtained:

∂ω̂h0ûih0

∂xi
= 0, (26)

ω̂h0ûjh0
∂ûih0

∂xj
+ 1

2

∂p̂h0

∂xi
= 0, (27)

ω̂h0ûjh0
∂

∂xj

(
û2
ih0+

5

2
τ̂h0

)
= 0. (28)

From equation (23) withm= 3, we have

∂(ω̂h0ûih1+ ω̂h1ûih0)

∂xi
= 0, (29)

ω̂h0ûjh0
∂ûih1

∂xj
+ (ω̂h0ûjh1+ ω̂h1ûjh0)

∂ûih0

∂xj
+ 1

2

∂p̂h1

∂xi
= 0, (30)

ω̂h0ûjh0
∂

∂xj

(
2ûih0ûih1+ 5

2
τ̂h1

)
+ (ω̂h0ûjh1+ ω̂h1ûjh0)

∂

∂xj

(
û2
ih0+

5

2
τ̂h0

)
= 0. (31)

We can proceed in a similar way with the information of9̂hm. Naturally the two sets of equations, (26)–
(28) and (29)–(31), are derived from the Euler set of equations obtained by the original Hilbert expansion
by re-expanding in the variableε. In solving equations (26)–(28) or (29)–(31), we have to use the additional
conditions (14d) or (15d). This note will not generally be repeated in the following discussions.

The stress tensor̂Pijhm and the heat-flow vector̂Qihmare expressed by the macroscopic variablesω̂hn, ûihn,
and τ̂hn (or p̂hn) with n 6 m, their derivatives withn 6 m − 1, since the velocity distribution function is
expressed by them. Corresponding to the fact that the velocity distribution function is Maxwellian up to the
orderε, we have

P̂ijh0= p̂h0δij , P̂ijh1= p̂h1δij , Q̂ih0= 0, Q̂ih1= 0. (32)

The distribution function (up to the orderε) can be made to satisfy the diffuse reflection condition by
taking ûih0 = ûwi, τ̂h0 = τ̂w, ûih1 = 0, and τ̂h1 = 0. However, these conditions are too strong for the two
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sets of equations, (26)–(28) and (29)–(31), to have solutions. (Note the conditionûwini = 0 mentioned just
after equation (6) in section 2.) Thus, we look for the solution of the boundary-value problem by relaxing the
restriction∂8̂/∂xi =O(8̂) on the Hilbert solution.

3.3. Viscous boundary-layer solution

In the system where the Knudsen number is small, a flow whose Mach number is of the order of unity is of
a very high Reynolds number. In such a flow of a gas governed by the Navier–Stokes set of equations around a
solid boundary, there appears a thin layer, called the viscous boundary layer, adjacent to the boundary. In this
layer the variation of the state is strongly anisotropic, that is, the length scale of the variation in the direction
parallel to the boundary is of the order of the characteristic lengthL, but in the direction normal to the boundary
it shrinks by the factor of the inverse of the square root of the Reynolds number or the factorε.

In view of this fact, assuming a similar situation, we will analyse the behaviour of the gas in the
neighbourhood of the boundary, to obtain the correction to the Hilbert solution discussed in the previous
subsection. For the convenience of the analysis near the boundary, we introduce a coordinate system(χ1, χ2, y):

xi = εyni(χ1, χ2)+ xwi(χ1, χ2), (33)

wherey = 0 is the surface of the boundary, they coordinate (normal coordinate) is stretched by 1/ε, andχ1

andχ2 coordinates are taken to be orthogonal to each other on the boundary (y = 0). The unit vector in the
direction of theχα coordinate there will be denoted byt (α)i (α = 1 or 2), which is a function of the two variables
χ1 andχ2. For definiteness, the set(t(1)i , t

(2)
i , ni) is taken to form a right-hand system. Thus,

t
(α)
i t

(β)
i = δαβ,

(
∂χα

∂xi

)
0
‖ t (α)i ,

(
∂χα

∂xi

)
0

(
∂χβ

∂xi

)
0
= 0 (α 6= β), (34)

where, and in the following analysis, the quantities in the parentheses with subscript 0 are evaluated on the
boundary (or atxi = xwi), and the summation convention is not applied to the subscript (or superscript)α or β
related toχα coordinate system. For simplicity,χα,β will be used fort (β)i (∂χα/∂xi)0:

χα,β = t (β)i

(
∂χα

∂xi

)
0
, (35)

whereχα,β = 0 for α 6= β. In this coordinate system, the Boltzmann equation (1) is rewritten as follows:

1

ε
ζini

∂8̂

∂y
+ ζi

(
∂χ1

∂xi

∂8̂

∂χ1
+ ∂χ2

∂xi

∂8̂

∂χ2

)
= 1

ε2
Ĵ (8̂, 8̂). (36)

The solution expressing the behaviour of the gas in the layer[O(εL)] is looked for in a power series ofε:

8̂V = 8̂V 0+ 8̂V 1ε+ 8̂V 2ε
2+ · · · , (37)

where the subscriptV is attached to discriminate the type of solution. Corresponding to this expansion, we also
expand the macroscopic variablesω̂V , ûiV , τ̂V , p̂V , P̂ijV , andQ̂iV :

ĥV = ĥV 0+ ĥV1ε+ · · · , (38)
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whereĥV represents any of the macroscopic variables. The relation of the component functionĥVm of ĥV and
8̂V n (n6m) is the same as that ofĥhm and8̂hn (n6m) (or is obtained only replacing the subscripth by V ).
In the following discussion, the relation is quoted by attaching the subscriptV to the corresponding relation
betweenĥhm and8̂hn (equations (14a)–(16f)).

We introduce some notations for economy of space in the following analysis. The Maxwellian distribution
with the macroscopic variableŝωV , ûiV , andτ̂V is indicated by8̂eV , that is,

8̂eV = ω̂V

(πτ̂V )
3/2

exp
(
−(ζi − ûiV )

2

τ̂V

)
, (39)

and its expansion inε, obtained by the substitution of the expansion (38), by

8̂eV = 8̂eV 0+ ε8̂eV 1+ ε28̂eV 2+ · · · . (40)

Some of the explicit forms of̂8eVm (m= 0,1, . . .) are

8̂eV 0= ω̂V 0

(πτ̂V 0)
3/2

exp
(
−(ζi − ûiV 0)

2

τ̂V 0

)
= ω̂V 0

τ̂V 0
3/2
E(ζ̃ ), (41a)

8̂eV 1= 8̂eV 0

[
ω̂V1

ω̂V0
+ 2(ζi − ûiV 0)

τ̂
1/2
V 0

ûiV 1

τ̂
1/2
V 0

+ τ̂V 1

τ̂V 0

(
(ζi − ûiV 0)

2

τ̂V 0
− 3

2

)]

= ω̂V 0

τ̂V 0
3/2
E(ζ̃ )

[(
ω̂V1

ω̂V0

)
+ 2

(
ûiV 1

τ̂
1/2
V 0

)
ζ̃i +

(
τ̂V 1

τ̂V 0

)(
ζ̃ 2− 3

2

)]
, (41b)

where

E(ζ̃ )= 1

π3/2
exp
(−ζ̃ 2), ζ̃i = (ζi − ûiV 0)

τ̂
1/2
V 0

, ζ̃ =
√
ζ̃ 2
i .

It is noted that a moment of̂8eVm with respect toζi is calculated faster by taking the moment of8̂eV and then
expanding it inε than by finding higher order̂8eVm and then taking the moment. Thus the lengthy expression
for explicit form of 8̂eV 2 is not shown here.

We substitute the series (37) into equation (36) and arrange the same order terms inε. In this process, the
quantities∂χ1/∂xi and∂χ2/∂xi are also expanded in the power series ofy, since they are slowly varying in
the variabley. Then we obtain the following series of integral equations for8̂Vm:

Ĵ
(
8̂V 0, 8̂V 0

)= 0, (42)

2Ĵ
(
8̂V 0, 8̂V1

)= ζini ∂8̂V 0

∂y
, (43)

2Ĵ
(
8̂V 0, 8̂V 2

)=−Ĵ (8̂V 1, 8̂V 1
)+ ζini ∂8̂V 1

∂y
+ ζi

[(
∂χ1

∂xi

)
0

∂8̂V 0

∂χ1
+
(
∂χ2

∂xi

)
0

∂8̂V 0

∂χ2

]
, (44)

2Ĵ
(
8̂V 0, 8̂V 3

)=− 2∑
l=1

Ĵ
(
8̂V l, 8̂V 3−l

)+ ζini ∂8̂V 2

∂y
+ ζi

[(
∂χ1

∂xi

)
0

∂8̂V 1

∂χ1
+
(
∂χ2

∂xi

)
0

∂8̂V 1

∂χ2

]
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+ yζinj
[(

∂2χ1

∂xi∂xj

)
0

∂8̂V 0

∂χ1
+
(
∂2χ2

∂xi∂xj

)
0

∂8̂V 0

∂χ2

]
. (45)

The solution of equation (42) is the Maxwellian:

8̂V 0= 8̂eV 0. (46)

The equations for̂8Vm (m > 1) are inhomogeneous linear integral equations whose homogeneous parts
are of a common form. Their common associated homogenous equation has five independent solutions:
8̂V 0, 8̂V 0ζi, 8̂V 0ζ

2
j . Thus, the equation for̂8Vm (m> 1) has a solution only when its inhomogeneous term

Ihm satisfies the following conditions (solvability conditions):∫ (
1, ζi, ζ

2
j

)
Ihm dζ = 0 (m> 1). (47)

Here, as explained in section 3.2, there is no contribution fromĴ terms inIhm. When the conditions are
satisfied, the solution̂8Vm is expressed in the following form:

8̂Vm = 8̂V 0
(
cm0+ cmiζi + cm4ζ

2
j

)+ 9̂Vm (m> 1), (48)

wherecm0, cmi, and cm4 are undetermined functions ofχα and y, and 9̂Vm is a particular solution of the
equation.

Before proceeding to the analysis of8̂Vm (m > 1), we will make a short detour through some discussion
of the boundary condition to save some manipulation. The leading term8̂V 0 of the expansion (37) is made to
satisfy the boundary condition (5) by assigning the boundary values ofûiV 0 andτ̂V 0 as follows:

ûiV 0= ûwi, τ̂V 0= τ̂w, aty = 0. (49)

Now we return to the discussion of̂8Vm. From the solvability conditions (47) withm= 1, where

Ih1= ζini ∂8̂V 0

∂y
, (50)

we obtain

∂

∂y
(ω̂V 0ûiV 0ni)= 0, (51)

∂p̂V 0

∂y
= 0, (52)

and the other three relations are reduced to identities with the aid of the following equation (53). From equations
(49) and (51),

ûiV 0ni = 0, (53)

and from equation (52),̂pV 0 is a function ofχ1 andχ2 only, i.e.

p̂V 0= p̂V 0(χ1, χ2). (54)
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When these solvability conditions are satisfied, the solution8̂V 1 of equation (43) is expressed in the
following form (Appendix A):

8̂V 1= 8̂eV 1−
(

1

τ̂
5/2
V 0

∂τ̂V 0

∂y

)
ζ̃iniA(ζ̃ )E(ζ̃ )−

(
nj

τ̂ 2
V 0

∂ûiV 0

∂y

)(
ζ̃i ζ̃j − ζ̃

2

3
δij

)
B(ζ̃ )E(ζ̃ ), (55)

whereA(ζ̃ ) andB(ζ̃ ) are functions of̃ζ and τ̂V 0, defined in Appendix B as solutions of integral equations
related to the collision integral. There is no contribution ofζ̃ 2δij /3 to the third term in equation (55), since
ûiV 0ni = 0. This kind of term will be eliminated without notice in the following analysis. The functionsA(ζ̃ )

andB(ζ̃ ) are studied by Ohwada and Sone [20]. With this form of8̂V 1 in the solvability conditions (47) with
m= 2, we obtain the following set of equations:

∂

∂y
(ω̂V 0ûiV 1ni)=−

2∑
α=1

(
χα,α

∂ω̂V 0ûiV 0t
(α)
i

∂χα
− (−1)αg3−αω̂V0ûiV 0t

(α)
i

)
, (56)

ω̂V0

[
ûjV 1nj

∂ûiV 0t
(α)
i

∂y
+

2∑
β=1

ûkV 0t
(β)
k

(
χβ,β

∂ûiV 0t
(α)
i

∂χβ
+ (−1)αgβûiV 0t

(3−α)
i

)]

=−1

2
χα,α

∂p̂V 0

∂χα
+ 1

2

∂

∂y

(
γ1τ̂

1/2
V 0
∂ûiV 0t

(α)
i

∂y

)
, (57)

1

2

∂p̂V 1

∂y
=−ω̂V 0

2∑
α=1

(
κα
(
ûiV 0t

(α)
i

)2+ ϑûiV 0t
(α)
i ûjV 0t

(3−α)
j

)
, (58)

3

2
ω̂V0

(
ûjV 1nj

∂τ̂V 0

∂y
+

2∑
α=1

ûkV 0t
(α)
k χα,α

∂τ̂V 0

∂χα

)

=−p̂V 0

[
2∑
α=1

(
χα,α

∂ûkV 0t
(α)
k

∂χα
+ (−1)αgαûkV 0t

(3−α)
k

)
+ ∂ûkV 1nk

∂y

]

+ γ1τ̂
1/2
V 0

2∑
α=1

(
∂ûkV 0t

(α)
k

∂y

)2

+ 5

4

∂

∂y

(
γ2τ̂

1/2
V 0
∂τ̂V 0

∂y

)
. (59)

For these equations the following should be noted: firstly, equations (57) and (59) are not the forms derived
directly from the solvability conditions; the former is deformed with the aid of equation (56), and the latter with
the aid of equations (56)–(58), to make them in a form more familiar in the classical fluid-dynamics. Secondly,
κα, gα, andϑα are determined by the geometric properties of the boundary surface and theχα-coordinate curve
on it:

χα,α
∂t
(α)
i

∂χα
= καni − (−1)αgαt

(3−α)
i , χα,α

∂t
(3−α)
i

∂χα
= (−1)α

(−ϑαni + gαt(α)i

)
,

χα,α
∂ni

∂χα
=−καt(α)i + (−1)αϑαt

(3−α)
i , (60)
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where κα, gα, and ϑα are, respectively, the normal curvature, geodesic curvature, and geodesic torsion,
multiplied byL, on theχα-coordinate curve (Cartan [21]). In the present case, whereχ1 andχ2 are orthogonal,

κ̄ = 1

2
(κ1+ κ2), ϑ1=−ϑ2= ϑ, (61)

whereκ̄ is the mean curvature, multiplied byL, of the boundary. Lastly,γ1 andγ2 are functions of̂τV 0 defined
in Appendix B as integrals of functionsA(ζ̃ ) andB(ζ̃ ). They, multiplied byτ̂ 1/2

V 0 , are related to viscosity and
thermal conductivity of the gas at temperatureτ̂V 0. For example,

γ1= 1.270042427, γ2= 1.922284066 (hard sphere); γ1/τ̂
1/2
V 0 = 1, γ2/τ̂

1/2
V 0 = 1 (BKW). (62)

Equations (56)–(59) being satisfied, then the solution8̂V 2 of equation (44) is given in the following form
(Appendix A):

8̂V 2= 8̂eV 2−
(
ni

τ̂
5/2
V 0

∂τ̂V 1

∂y

)
ζ̃iA(ζ̃ )E(ζ̃ )−

(
nj

τ̂ 2
V 0

∂ûiV 1

∂y

)(
ζ̃i ζ̃j − ζ̃

2

3
δij

)
B(ζ̃ )E(ζ̃ )

+
(
nj ûiV 1

τ̂ 3
V 0

∂τ̂V 0

∂y

)(
ζ̃i ζ̃j

ζ̃

∂A(ζ̃ )E(ζ̃ )

∂ζ̃
+A(ζ̃ )E(ζ̃ )δij

)

+
(
niτ̂V 1

τ̂
7/2
V 0

∂τ̂V 0

∂y

)
ζ̃i

(
ζ̃

2

∂A(ζ̃ )E(ζ̃ )

∂ζ̃
+ 3A(ζ̃ )E(ζ̃ )− τ̂V 0

∂A(ζ̃ )E(ζ̃ )

∂τ̂V 0

)

+
(
nj ûkV 1

τ̂
5/2
V 0

∂ûiV 0

∂y

)(
ζ̃i ζ̃j ζ̃k

ζ̃

∂B(ζ̃ )E(ζ̃ )

∂ζ̃
+ (ζ̃iδjk + ζ̃j δki)B(ζ̃ )E(ζ̃ )

)

+
(
niτ̂V 1

τ̂ 3
V 0

∂ûjV 0

∂y

)
ζ̃i ζ̃j

(
ζ̃

2

∂B(ζ̃ )E(ζ̃ )

∂ζ̃
+ 3B(ζ̃ )E(ζ̃ )− τ̂V 0

∂B(ζ̃ )E(ζ̃ )

∂τ̂V 0

)

− Dj τ̂V 0

τ̂
5/2
V 0

ζ̃jA(ζ̃ )E(ζ̃ )− Dj ûiV 0

τ̂ 2
V 0

(
ζ̃i ζ̃j − ζ̃

2

3
δij

)
B(ζ̃ )E(ζ̃ )

+ 1

p̂V 0τ̂
3/2
V 0

∂2τ̂V 0

∂y2

[
ninj

(
ζ̃i ζ̃j − ζ̃

2

3
δij

)
B1(ζ̃ )E(ζ̃ )+N B(ζ̃ )E(ζ̃ )

]

+ 1

2p̂V 0τ̂
5/2
V 0

(
∂τ̂V 0

∂y

)2[
ninj

(
ζ̃i ζ̃j − ζ̃

2

3
δij

)
B2(ζ̃ )E(ζ̃ )+NA(ζ̃ )E(ζ̃ )

]

+ ninj

p̂V 0τ̂V 0

∂2ûkV 0

∂y2

[
ζ̃i ζ̃j ζ̃kT A2 (ζ̃ )E(ζ̃ )+ δij ζ̃kT A1 (ζ̃ )E(ζ̃ )

]
+ ninj

p̂V 0τ̂
2
V 0

∂τ̂V 0

∂y

∂ûkV 0

∂y

[
ζ̃i ζ̃j ζ̃kT B2 (ζ̃ )E(ζ̃ )+ δij ζ̃kT B1 (ζ̃ )E(ζ̃ )

]
+ ninj

p̂V 0τ̂
3/2
V 0

∂ûkV0

∂y

∂ûlV 0

∂y

[
ζ̃i ζ̃j ζ̃kζ̃lQ4(ζ̃ )E(ζ̃ )+ ζ̃i ζ̃j δklQ3(ζ̃ )E(ζ̃ )

+ δij ζ̃kζ̃lQ2(ζ̃ )E(ζ̃ )+ δij δklQ1(ζ̃ )E(ζ̃ )
]
, (63)

Di =
(
∂χ1

∂xi

)
0

∂

∂χ1
+
(
∂χ2

∂xi

)
0

∂

∂χ2
,
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where the definitions ofB1(ζ ), T A1 (ζ ), Q1(ζ ), etc. are given in Appendix B, together withA(ζ ) andB(ζ ).
With this form of8̂V 2 in the solvability conditions (47) withm= 3, we obtain the following set of equations:

∂

∂y
(ω̂V 0ûiV 2ni + ω̂V1ûiV 1ni)+

2∑
α=1

χα,α
∂(ω̂V0ûiV 1t

(α)
i + ω̂V 1ûiV 0t

(α)
i )

∂χα

− 2κ̄ ω̂V0ûiV 1ni −
2∑
α=1

(−1)αg3−α
(
ω̂V0ûiV 1t

(α)
i + ω̂V1ûiV 0t

(α)
i

)
+

2∑
α=1

y

(
καχα,α

∂ω̂V 0ûiV 0t
(α)
i

∂χα
+ ϑχα,α ∂ω̂V0ûiV 0t

(3−α)
i

∂χα

)

−
2∑
α=1

(−1)αy(κ3−αg3−α + ϑgα)ω̂V 0ûiV 0t
(α)
i = 0, (64)

ω̂V 0ûjV 1nj
∂ûiV 1t

(α)
i

∂y
+ (ω̂V 0ûjV 2nj + ω̂V 1ûjV 1nj)

∂ûiV 0t
(α)
i

∂y

+
2∑

β=1

ω̂V0ûjV 0t
(β)
j χβ,β

∂ûiV 1t
(α)
i

∂χβ
− ω̂V0ûiV 1ni

(
καûjV 0t

(α)
j + ϑûjV 0t

(3−α)
j

)

+ (−1)αω̂V0ûjV 1t
(3−α)
j

(
2∑

β=1

gβûiV 0t
(β)
i

)

+
2∑

β=1

(
ω̂V0ûjV 1t

(β)
j + ω̂V1ûjV 0t

(β)
j

)
χβ,β

∂ûiV 0t
(α)
i

∂χβ

+ (−1)αûiV 0t
(3−α)
i

(
2∑

β=1

gβ
(
ω̂V 0ûjV 1t

(β)
j + ω̂V 1ûjV 0t

(β)
j

))

+
2∑

β=1

yω̂V 0
(
κβûjV 0t

(β)
j + ϑûjV 0t

(3−β)
j

)
χβ,β

∂ûiV 0t
(α)
i

∂χβ

+ (−1)αyω̂V 0

(
2∑

β=1

(
κβgβ + ϑg3−β

)
ûiV 0t

(β)
i

)
ûjV 0t

(3−α)
j

=−1

2
χα,α

∂p̂V 1

∂χα
− 1

2
y

(
καχα,α

∂p̂V 0

∂χα
+ ϑχ3−α,3−α

∂p̂V 0

∂χ3−α

)

+ 1

2

∂

∂y

[
γ1τ̂

1/2
V 0

(
∂ûiV 1t

(α)
i

∂y
+ καûiV 0t

(α)
i + ϑûiV 0t

(3−α)
i

)
+ τ̂V 1

dγ1τ̂
1/2
V 0

dτ̂V 0

∂ûiV 0t
(α)
i

∂y

]

− 1

2
γ1τ̂

1/2
V 0

[
(2κ̄ + κα)∂ûiV 0t

(α)
i

∂y
+ ϑ ∂ûiV 0t

(3−α)
i

∂y

]
, (65)

2∑
α=1

ω̂V0ûjV 0t
(α)
j

(
χα,α

∂ûiV 1ni

∂χα
+ καûiV 1t

(α)
i + ϑûiV 1t

(3−α)
i

)
+ ω̂V0ûjV 1nj

∂ûiV 1ni

∂y
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+
2∑
α=1

(
ω̂V0ûjV 1t

(α)
j + ω̂V 1ûjV 0t

(α)
j

)(
καûiV 0t

(α)
i + ϑûiV 0t

(3−α)
i

)
+ yω̂V 0

2∑
α=1

(
καûiV 0t

(α)
i + ϑûiV 0t

(3−α)
i

)2

=−1

2

∂p̂V 2

∂y
+ 1

2

2∑
α=1

[
χα,α

∂

∂χα

(
γ1τ̂

1/2
V 0
∂ûiV 0t

(α)
i

∂y

)
+ (−1)αgαγ1τ̂

1/2
V 0
∂ûiV 0t

(3−α)
i

∂y

]

+ 2

3

∂

∂y

{
γ1τ̂

1/2
V 0

[
∂ûiV 1ni

∂y
− 1

2

2∑
α=1

(
χα,α

∂ûiV 0t
(α)
i

∂χα
+ (−1)αgαûiV 0t

(3−α)
i

)]}

− 1

3p̂V 0

∂

∂y

[
γ3τ̂V 0

∂2τ̂V 0

∂y2
+ γ7

(
∂τ̂V 0

∂y

)2]
− ∂

∂y

[
γ8− 2γ9

3ω̂V 0

2∑
α=1

(
∂ûjV 0t

(α)
j

∂y

)2
]
, (66)

3

2

[
ω̂V0ûjV 1nj

∂τ̂V 1

∂y
+ (ω̂V0ûjV 2nj + ω̂V1ûjV 1nj )

∂τ̂V 0

∂y
+ ω̂V 0ûjV 0

2∑
α=1

χα,αt
(α)
j

∂τ̂V 1

∂χα

]

+ 3

2

2∑
α=1

χα,α
[
ω̂V 0ûjV 1t

(α)
j + ω̂V1ûjV 0t

(α)
j + yω̂V 0

(
καûjV 0t

(α)
j + ϑûjV 0t

(3−α)
j

)]∂τ̂V 0

∂χα

=−p̂V0

[
∂ûjV 2nj

∂y
+

2∑
α=1

(
χα,α

∂ûjV 1t
(α)
j

∂χα
− (−1)αg3−αûjV 1t

(α)
j

)
− 2κ̄ ûjV 1nj

+
2∑
α=1

y

(
καχα,α

∂ûjV 0t
(α)
j

∂χα
+ ϑχα,α ∂ûjV 0t

(3−α)
j

∂χα
− (−1)α(κ3−αg3−α + ϑgα)ûjV 0t

(α)
j

)]

− p̂V 1

[
∂ûjV 1nj

∂y
+

2∑
α=1

(
χα,α

∂ûjV 0t
(α)
j

∂χα
− (−1)αg3−αûjV 0t

(α)
j

)]

+
2∑
α=1

[
2γ1τ̂

1/2
V 0

(
∂ûjV 1t

(α)
j

∂y
+ καûjV 0t

(α)
j + ϑûjV 0t

(3−α)
j

)

+ τ̂V 1
dγ1τ̂

1/2
V 0

dτ̂V 0

∂ûjV 0t
(α)
j

∂y

]
∂ûiV 0t

(α)
i

∂y

+ 5

4

∂

∂y

(
γ2τ̂

1/2
V 0
∂τ̂V 1

∂y
+ τ̂V 1

dγ2τ̂
1/2
V 0

dτ̂V 0

∂τ̂V 0

∂y

)
− 5

2
κ̄γ2τ̂

1/2
V 0
∂τ̂V 0

∂y
, (67)

whereγ3, γ7, γ8, andγ9, as well asγ1 andγ2, are functions of̂τV 0 defined in Appendix B.

The series of equations obtained from the solvability conditions (47) constitutes systems of equations that
determine the component functionsω̂Vm, ûiVm, τ̂V m, andp̂Vm of the macroscopic variableŝωV , ûiV , τ̂V , andp̂V .
That is, equations (51), (52), (57), and (59) with equation (56) determineω̂V0, ûiV 0, τ̂V 0, andp̂V 0; equations
(56), (58), (65), and (67) with equation (64) determineω̂V 1, ûiV 1, τ̂V 1, andp̂V1.We can obtain the higher-order
equations in a similar way. Corresponding to the degeneration of three relations in the solvability conditions
(47) withm= 1 to identities, the arrangement of equations from the solvability conditions is staggered, but it
is consistent. In the leading system(m= 0), we already have the boundary condition (49), so called non-slip
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condition, on the boundaryy = 0, with the aid of which equation (53) is obtained. In the next subsection, we
will discuss the boundary condition of the next system(m= 1).

The expressions of̂PijVm andQ̂iVmby ω̂V n, ûiV n, andτ̂V n (or p̂V n) (n6m) are

P̂ijV 0= p̂V 0δij ,

P̂ijV 1ninj = P̂ijV 1t
(α)
i t

(α)
j = p̂V 1, P̂ijV 1nit

(α)
j =−γ1τ̂

1/2
V 0

∂ûjV 0t
(α)
j

∂y
, P̂ijV 1t

(α)
i t

(3−α)
j = 0,

P̂ijV 2ninj = p̂V 2− 4

3
γ1τ̂

1/2
V 0

[
∂ûjV 1nj

∂y
− 1

2

2∑
α=1

(
χα,α

∂ûjV 0t
(α)
j

∂χα
+ (−1)αgαûjV 0t

(3−α)
j

)]

+ 2

3p̂V 0

[
γ3τ̂V 0

∂2τ̂V 0

∂y2
+ γ7

(
∂τ̂V 0

∂y

)2]
+ 2(γ8− 2γ9)

3ω̂V 0

2∑
α=1

(
∂ûjV 0t

(α)
j

∂y

)2

,

P̂ijV 2t
(α)
i t

(α)
j = p̂V 2+ 2

3
γ1τ̂

1/2
V 0
∂ûjV 1nj

∂y
− 2γ1τ̂

1/2
V 0

(
χα,α

∂ûjV 0t
(α)
j

∂χα
+ (−1)αgαûjV 0t

(3−α)
j

)

+ 2

3
γ1τ̂

1/2
V 0

2∑
β=1

(
χβ,β

∂ûjV 0t
(β)
j

∂χβ
+ (−1)βgβûjV 0t

(3−β)
j

)

− 1

3p̂V 0

[
γ3τ̂V 0

∂2τ̂V 0

∂y2
+ γ7

(
∂τ̂V 0

∂y

)2]
+ 2γ8

ω̂V 0

(
∂ûjV 0t

(α)
j

∂y

)2

+ 2(γ9− 2γ8)

3ω̂V 0

2∑
β=1

(
∂ûjV 0t

(β)
j

∂y

)2

,

P̂ijV 2nit
(α)
j =−γ1τ̂

1/2
V 0

(
∂ûjV 1t

(α)
j

∂y
+ καûjV 0t

(α)
j + ϑûjV 0t

(3−α)
j

)
− τ̂V 1

dγ1τ̂
1/2
V 0

dτ̂V 0

∂ûjV 0t
(α)
j

∂y
,

P̂ijV 2t
(α)
i t

(3−α)
j =−γ1τ̂

1/2
V 0

2∑
β=1

(
χβ,β

∂ûjV 0t
(3−β)
j

∂χβ
− (−1)βgβûjV 0t

(β)
j

)
+ 2γ8

ω̂V0

∂ûiV 0t
(α)
i

∂y

∂ûjV 0t
(3−α)
j

∂y
, (68)

Q̂iV 0= 0, Q̂iV 1ni =−5

4
γ2τ̂

1/2
V 0
∂τ̂V 0

∂y
, Q̂iV 1t

(α)
i = 0,

Q̂iV 2ni =−5

4

(
γ2τ̂

1/2
V 0
∂τ̂V 1

∂y
+ τ̂V 1

dγ2τ̂
1/2
V 0

dτ̂V 0

∂τ̂V 0

∂y

)
,

Q̂iV 2t
(α)
i =−

5

4
γ2τ̂

1/2
V 0 χα,α

∂τ̂V 0

∂χα
+ γ3τ̂V 0

2ω̂V 0

∂2ûiV 0t
(α)
i

∂y2
+ 4γ10

ω̂V0

∂τ̂V 0

∂y

∂ûiV 0t
(α)
i

∂y
, (69)

whereγ10, as well asγ1, γ2, etc., is a function of̂τV 0 and is defined in Appendix B.

The terms with the factorγ1 in P̂ijV m are the viscous stress given by the Newton law, and the terms with factor
γ2 in Q̂iVm are the heat flow by the Fourier law. Theγ1τ̂

1/2
V 0 andγ2τ̂

1/2
V 0 are, respectively, the (nondimensional)

viscosity and thermal conductivity of the gas, andτ̂V 1dγ1τ̂
1/2
V 0 /dτ̂V 0 in P̂ijV 2 and τ̂V 1dγ2τ̂

1/2
V 0 /dτ̂V 0 in Q̂iV 2 are

due to their temperature dependence. The complicated forms (68) and (69) are due to the curved coordinates
and the dependence of the viscosity and thermal conductivity on the temperature of the gas. The other terms
are due to non-Navier–Stokes stress and heat flow. Among them, the terms with factorγ3 andγ7 in the stress
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formulas are called thermal stress. The stress tensor and heat-flow vector up to the second order, i.e.,P̂ijV 2

and Q̂iV 2, contribute to equations (65)–(67), that is, the information of8̂V 2 is required to derive equations
(65)–(67). However, only theγ1 andγ2 terms contribute to equations (65) and (67). As we have discussed,
these equations, (65) and (67), determineω̂V1, ûiV 1, τ̂V 1, andp̂V 1 with the aid of equation (64). That is, these
variables (thus,̂8V 1 with the aid of equation (55)) are determined by the equations without non-Navier–Stokes
stress and heat flow, which disagrees with the statement of Darrozes [6]. Incidentally, equation (66), one of the
equations that determine the next-order macroscopic variables, contains non-Navier–Stokes terms.

3.4. Knudsen-layer solution and slip condition

The boundary condition (5) is matched with the first term̂8V 0 by imposing the nonslip condition (49).
Therefore, the higher order term̂8Vm (m> 1) should satisfy the same form of condition as equation (5), with
8̂ in σ̂w replaced by8̂Vm, for the solution8̂V to satisfy the boundary condition. However, the solution8̂V

does not have this freedom. In fact, the functional form of8̂V 1, as a function ofζi, is different from that of
the boundary condition owing to the second and third terms of equation (55). These two terms are already
determined by the macroscopic variablesûiV 0, τ̂V 0, ∂τ̂V 0/∂y, and∂ûiV 0/∂y obtained from equations (14d)V ,
(54), (56), (57), and (59) under the boundary condition (49) aty = 0 and that aty =∞ to be discussed later,
and they generally are not zero. Thus, we cannot construct the solution satisfying the boundary condition at
y = 0 with 8̂V . This can also be seen by the fact that equation (36) for8̂V is of a singular type, where the
differential term∂/∂y is, in practice, multiplied by the small parameterε. In view of this character of equation
(36), we assume that the state of the gas varies appreciably in the direction normal to the boundary over the
distance ofy =O(ε) in the neighbourhood of the boundary, and try to find the solution of the boundary-value
problem by modifying8̂V only in the neighbourhood of the boundary. That is, we put the solution in the form:

8̂= 8̂V + 8̂K, (70)

where the correction term̂8K is assumed to vary appreciably in the directionni over the distance of the order
of the mean free pathl0 or y =O(ε) and to be appreciable only in the neighbourhood (or iny =O(ε)) of the
boundary, that is,∂8̂K/∂y = O(8̂K/ε), and 8̂K vanishes very rapidly (or faster than any inverse power of
y/ε) asy/ε tends to infinity (Knudsen-layer correction). For the convenience of analysis, we further stretch the
coordinatey by 1/ε:

xi = ε2ηni(χ1, χ2)+ xwi(χ1, χ2). (71)

Then, the solution is conveniently expressed by the two sets(χ1, χ2, y) and(χ1, χ2, η) of variables:

8̂= 8̂V (χ1, χ2, y)+ 8̂K(χ1, χ2, η). (72)

The Knudsen-layer correction̂8K(χ1, χ2, η) is also expanded in power series ofε:

8̂K = 8̂K1ε+ 8̂K2ε
2+ · · · , (73)

where the series starts from the term of orderε, since8̂V 0 satisfies the boundary condition aty = 0 by imposing
equation (49).

In the new coordinate system(χ1, χ2, η), the Boltzmann equation (1) or (36) is rewritten as follows:

ζini
∂8̂

∂η
+ ε2ζi

(
∂χ1

∂xi

∂8̂

∂χ1
+ ∂χ2

∂xi

∂8̂

∂χ2

)
= Ĵ (8̂, 8̂). (74)
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Equation (72) with the expansions (37) and (73) is substituted into the Boltzmann equation (74), and the same
order terms ofε are arranged. In this process, the fact that8̂V satisfies the Boltzmann equation is used, and the
series expansion of̂8V in power series ofy:

8̂V = (8̂V 0
)

0+ ε
[(
8̂V 1

)
0+ η

(
∂8̂V 0/∂y

)
0

]+ · · · , (75)

is applied to the product of̂8V and8̂K in the collision term, sincê8K is rapidly decaying. In equation (75),
the quantities in the parentheses with subscript 0 are evaluated aty = 0. As the result, a series of equations for
8̂Km (m> 1) is obtained as follows:

ζini
∂8̂K1

∂η
= 2Ĵ

((
8̂V 0

)
0, 8̂K1

)
, (76)

ζini
∂8̂K2

∂η
= 2Ĵ

((
8̂V 0

)
0, 8̂K2

)+ 2Ĵ
((
8̂V 1

)
0+ η

(
∂8̂V 0/∂y

)
0, 8̂K1

)+ Ĵ (8̂K1, 8̂K1
)
. (77)

Equation (76) is the one-dimensional Boltzmann equation linearized around the Maxwellian(8̂V 0)0, where
ûiV 0= ûwi andτ̂V 0= τ̂w.

The boundary condition for̂8Km is given as follows. The Knudsen-layer correction8̂K is introduced as the
correction to8̂V in the neighbourhood of the boundary ofη =O(1) and is assumed to vanish faster than any
inverse power ofη. Thus,

8̂Km→ 0, asη→∞. (78)

(The speed of decay is verified for a hard-sphere gas by Bardos et al. [22].) From equations (5) and (70),8̂ (or
8̂V + 8̂K) should satisfy the following condition:

8̂V + 8̂K = σ̂w

(πτ̂w)
3/2

exp
(
−(ζi − ûwi)

2

τ̂w

)
(ζini > 0), atη= 0,

whereσ̂w is given by equation (6) witĥ8= 8̂V + 8̂K . On the other hand, by the choice (49), aty = 0,

8̂V 0= (8̂V 0)0= (ω̂V 0)0

(πτ̂w)3/2
exp
(
−(ζi − ûwi)

2

τ̂w

)
. (79)

Therefore, atη= 0,

8̂Vm + 8̂Km = σ̂wm

(πτ̂w)3/2
exp
(
−(ζi − ûwi)

2

τ̂w

)
(ζini > 0), for m> 1, (80)

where

σ̂wm =−2
√
π

τ̂w

∫
ζini<0

ζjnj
(
8̂Vm + 8̂Km

)
dζ . (81)

Specifically, the boundary condition for̂8K1 atη= 0 is given as follows:

8̂K1=−8̂V 0

[
ω̂V 1− σ̂w1

ω̂V0
+ 2(ζi − ûwi)ûiV 1

τ̂w
+ τ̂V 1

τ̂w

(
(ζi − ûwi)2

τ̂w
− 3

2

)

− ζiniA(
√
(ζj − ûwj )2/τ̂w)
ω̂V 0τ̂

3/2
w

∂τ̂V 0

∂y
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− (ζi − ûwi)ζjnjB(
√
(ζk − ûwk)2/τ̂w)

ω̂V0τ̂
3/2
w

∂ûiV 0

∂y

]
(ζini > 0), (82)

σ̂w1= ω̂V 1+ ω̂V0τ̂V 1

2τ̂w
−
√
π

τ̂w

(
ω̂V0ûiV 1ni + 2

∫
ζini<0

ζjnj8̂K1 dζ

)
, (83)

where the relations (49), (53), andûwini = 0 and the subsidiary condition in equation (B1) are used.

The Knudsen-layer part(ω̂K , ûiK , τ̂K , p̂K , P̂ijK , Q̂iK) of the macroscopic variables(ω̂, ûi , τ̂ , p̂, P̂ij , Q̂i)

are defined as the remainders(ω̂− ω̂V , ûi − ûiV , τ̂ − τ̂V , etc.). Then, they depend on̂8V as well as8̂K,since
the relations between the macroscopic variables and the velocity distribution functions, i.e. equations (7a)–(7f),
are nonlinear. For example,

(ω̂V + ω̂K)ûiK =
∫
ζi8̂K dζ − ûiV ω̂K. (84)

Corresponding to the expansion (73), the Knudsen-layer part of the macroscopic variables is also expanded in
a power series ofε. The relations of their component functions of the expansion to8̂K1 are given as follows:

ω̂K1=
∫
8̂K1 dζ , (ω̂V0)0ûiK1=

∫
ζi8̂K1 dζ − ω̂K1(ûiV 0)0,

3

2
(ω̂V0)0τ̂K1=

∫ [
ζj − (ûjV 0)0

]2
8̂K1 dζ − 3

2
ω̂K1(τ̂V 0)0,

p̂K1= (ω̂V 0)0τ̂K1+ ω̂K1(τ̂V 0)0,

P̂ijK1= 2
∫ [
ζi − (ûiV 0)0

][
ζj − (ûjV 0)0

]
8̂K1 dζ ,

Q̂iK1=
∫ [
ζi − (ûiV 0)0

][
ζj − (ûjV 0)0

]2
8̂K1 dζ − 3

2
(p̂V 0)0ûiK1− (P̂ijV 0

)
0ûjK1. (85)

The half-space problem, equation (76) with the boundary conditions (78) and (82), of the linearized
Boltzmann equation is, by the following transformation of variables, seen to be the combination of two well-
known Knudsen-layer problems: shear flow problem (e.g., Ohwada et al. [23] for a hard-sphere gas) and
temperature-jump problem (e.g., Sone et al. [24] for a hard-sphere gas):

x←→ (ω̂V0)0η, ζi←→ ζi − ûwi
τ̂

1/2
w

with ζ1←→ ζini

τ̂
1/2
w

,

φE←→ τ̂ 3/2
w

(ω̂V0)0
8̂K1

[
E(ζ )= π−3/2 exp

(−ζ 2
i

)
, ζ = (ζ 2

i

)1/2]
. (86)

That is, equation (76) is reduced to

ζ1
∂φ

∂x
= L0[φ] (x > 0), (87)

whereL0[φ] is the linearized collision integralL[φ] defined in Appendix A (see also equation (B15)) withB̂τ̂w
(or B̂(τ̂V 0)0) in place ofB̂τ̂V 0:

B̂τ̂w
(∣∣α · (ζ ∗ − ζ )∣∣, |ζ ∗ − ζ |)= τ̂−1/2

w B̂
(∣∣α · (ζ ∗ − ζ )∣∣τ̂ 1/2

w , |ζ ∗ − ζ |τ̂ 1/2
w

)
. (88)
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For a hard-sphere gas,B̂τ̂w(|α · (ζ ∗ − ζ )|, |ζ ∗ − ζ |) is independent of̂τw. For the BKW equation,L0[φ] is given
by the following expression:

τ̂ 1/2
w L0[φ] =

∫ [
1+ 2ζiζi∗ + 2

3

(
ζ 2
i −

3

2

)(
ζ 2
j∗ −

3

2

)]
φ(ζk∗)E(ζ∗)dζ ∗ − φ. (89)

The boundary conditions are, atx = 0,

φ =−$1− 2ζi
ûiV 1

τ̂
1/2
w

− τ̂V 1

τ̂w

(
ζi

2− 3

2

)
+ ζ1A(ζ )

ω̂V0τ̂w

∂τ̂V 0

∂y
+ ζ1ζiB(ζ )

ω̂V 0τ̂
1/2
w

∂ûiV 0

∂y
(ζ1> 0), (90)

where

$1=− τ̂V 1

2τ̂w
+√π

(
û1V 1

τ̂
1/2
w

+ 2
∫
ζ1<0

ζ1φE dζ

)
, (91)

and, asx→∞,
φ→ 0. (92)

As will be shown with the aid of the theorem by Bardos et al. [22], the above boundary-value problem has
a solution if and only if the undetermined boundary dataûiV 1 and τ̂V 1 take special values, and the solution as
well as the set of the values is unique. Their theorem also assures that the solution decays with an exponential
speed asη→∞. The boundary datâuiV 1 andτ̂V 1 are specified in the following form: atxi = xwi,

ûiV 1t
(α)
i =−

k0

ω̂V0

∂ûiV 0t
(α)
i

∂y
, ûiV 1ni = 0, τ̂V 1= d1

ω̂V0

∂τ̂V 0

∂y
, (93)

wherek0 andd1 are functions of̂τw determined by the molecular model. Their accurate values are obtained for
a hard sphere gas and the BKW model:

k0=−1.2540, d1= 2.4001 (hard-sphere), (94a)

k0=−1.01619̂τ 1/2
w , d1= 1.30272̂τ 1/2

w (BKW). (94b)

(The numerical data for the BKW are taken from Sone and Onishi [25].)

The macroscopic variableŝωK , ûiK , τ̂K , p̂K, P̂ijK , andQ̂iK are expressed as follows:

ω̂K1= 1

τ̂w

(
∂τ̂V 0

∂y

)
0
�1(η̃), τ̂K1= 1

(ω̂V 0)0

(
∂τ̂V 0

∂y

)
0
Θ1
(
η̃
)
, (95a)

ûiK1t
(α)
i =−

1

(ω̂V0)0

(
∂ûiV 0t

(α)
i

∂y

)
0
Y0
(
η̃
)
, ûiK1ni = 0, (95b)

P̂ijK1ninj = P̂ijK1nit
(α)
j = P̂ijK1t

(α)
i t

(3−α)
j = 0, (95c)

P̂ijK1t
(α)
i t

(α)
j =

3

2

(
∂τ̂V 0

∂y

)
0

[
�1(η̃)+Θ1(η̃)

]
, η̃= (ω̂V0)0

gM(τ̂w)
η, (95d)

Q̂iK1ni = 0, Q̂iK1t
(α)
i =

(
τ̂V 0

∂ûiV 0t
(α)
i

∂y

)
0
HA(η̃), (95e)

where�1, Y0, Θ1, and HA are functions ofη̃ and τ̂w, and their functional forms depend on molecular
models. The functiongM(τ̂w) of τ̂w is introduced, since the dependence of the above functions onτ̂w is
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expressed in a simpler form for some molecular model including a hard-sphere gas and the BKW model.
That is, if the functionB̂τ̂w (or the linearized collision operatorL0[∗]) multiplied by gM(τ̂w) is independent
of τ̂w, as for a hard-sphere gas(gM(τ̂w) = 1) and for the BKW model(gM(τ̂V 0) = τ̂ 1/2

V 0 ), then the functions
�1(η̃)/gM(τ̂w), Y0(η̃)/gM(τ̂w), Θ1(η̃)/gM(τ̂w), and HA(η̃)/gM(τ̂w) as well ask0/gM(τ̂w) and d1/gM(τ̂w)

are independent of̂τw. These functions, denoted by�1(η), Y0(η), Θ1(η), and HA(η) with η = η̃ (here) in
Sone [12], are tabulated for a hard-sphere gas and the BKW model there. IfB̂τ̂w or L0[∗] is not of the above-
mentioned form, the choice ofgM(τ̂w) is arbitrary, but the functions�1(η̃), Y0(η̃), etc. naturally depend on the
form of gM(τ̂w) as well asτ̂w.

The slip in the boundary condition for the viscous boundary-layer equations and the Knudsen-layer
correction appear at the order ofε (or

√
Kn). This is because the length scale of variation of the viscous

boundary layer in the direction normal to the boundary is of the order ofεL, e.g.,ni∂τ̂V /∂xi = O(τ̂V /ε).
Accordingly, the thermal creep flow (Kennard [26], Sone [27], Ohwada et al. [23]) does not appear at this
order, since it is proportional to the mean free path and the tangential derivative of the boundary temperature.

In the following analysis, the boundary condition for the normal velocityûiV 2ni at y = 0 is required, for
which the information ofûiK2ni is also necessary. From equation (84), this is expressed by the velocity
distribution function8̂K2 as

(ω̂V0)0ûiK2ni =
∫
ζini8̂K2 dζ , (96)

which is simplified with the aid of the second relation in each of equations (93) and (95b). Then, from
equation (77),

(ω̂V0)0ûiK2ni =
∫ η

∞

(∫ [
2Ĵ
((
8̂V 0

)
0, 8̂K2

)+ 2Ĵ
((
8̂V 1

)
0+ η

(
∂8̂V 0/∂y

)
0, 8̂K1

)
+ Ĵ (8̂K1, 8̂K1

)]
dζ

)
dη= 0. (97)

The last relation is obtained because the integration of the collision integral vanishes. On the other hand, on a
boundary with diffuse reflection (generally, on a solid boundary through which mass flux is absent),ûini = 0.
Thus, aty = 0,

ûiV 2ni =−ûiK2ni = 0. (98)

That is, the displacement effect of the Knudsen layer vanishes (or is of higher order). Then from equation (64),
ω̂V0ûiV2ni can be expressed by the lower-order quantities as

ω̂V 0ûiV 2ni =−ω̂V1ûiV 1ni −
2∑
α=1

χα,α

∫ y

0

∂(ω̂V 0ûiV 1+ ω̂V1ûiV 0)t
(α)
i

∂χα
dy

+ 2κ̄
∫ y

0
ω̂V 0ûiV 1ni dy +

2∑
α=1

(−1)αg3−α
∫ y

0

(
ω̂V0ûiV 1t

(α)
i + ω̂V1ûiV 0t

(α)
i

)
dy

−
2∑
α=1

∫ y

0
y

(
καχα,α

∂ω̂V 0ûiV 0t
(α)
i

∂χα
+ ϑχα,α ∂ω̂V0ûiV 0t

(3−α)
i

∂χα

)
dy

+
2∑
α=1

(−1)α(κ3−αg3−α + ϑgα)
∫ y

0
yω̂V 0ûiV 0t

(α)
i dy. (99)



346 Y. Sone et al. / Eur. J. Mech. B - Fluids 19 (2000) 325–360

Now we will discuss the derivation of the relation (93) with the aid of Bardos’ theorem. They considered the
existence and uniqueness of the half-space boundary-value problem of the linearized Boltzmann equation (87)
for hard sphere molecules under the following boundary conditions: atx = 0,

φ = (c0+ c2ζ2+ c3ζ3+ c4ζ
2
i

)+ f (ζi) (ζ1> 0), (100)

wherec0, c2, c3, andc4 are constants andf (ζi) is a given function, and asx→∞,
φ→ 0. (101)

They proved that the solution of the half-space problem exists if and only if the constantsc0, c2, c3, andc4

take a special set of values, and that the solution as well as the constants is unique. Further, the solution is
shown to decay with an exponential speed asx→∞. This proposition is also true, if an inhomogeneous term
that decays fast enough asx→∞ is added to equation (87).

In the half-space boundary-value problem (equations (87), (90)–(92)), putting aside the condition (91),
according to Bardos’ theorem, we find that the boundary values of$1, ûiV 1t

(α)
i /τ̂ 1/2

w , andτ̂V 1/τ̂w are expressed
as linear combinations of those ofûjV 1nj/τ̂

1/2
w , (∂τ̂V 0/∂y)/ω̂V0τ̂w, and(∂ûiV 0/∂y)/ω̂V0τ̂

1/2
w . Equation (91),

however, shows that$1 is given by another linear combination of the quantities, includingφ, that are
determined, according to the above discussion, by linear combinations of the boundary values ofûjV 1nj/τ̂

1/2
w ,

(∂τ̂V 0/∂y)/ω̂V0τ̂w, and(∂ûiV 0/∂y)/ω̂V0τ̂
1/2
w . Eliminating$1 from the two independent equations for it, then

we obtain a relation among the boundary values ofûjV 1nj/τ̂
1/2
w , (∂τ̂V 0/∂y)/ω̂V0τ̂w, and(∂ûiV 0/∂y)/ω̂V0τ̂

1/2
w .

Thus, finally we obtain the relation (93).

The analysis has been carried out under the diffuse reflection condition. It is simple to generalize the
condition. The difference is only in Knudsen-layer analysis. The non-slip condition (49) is derived for a very
general condition. (See Sone and Aoki [11] for the explicit condition.) The slip condition (93) and the Knudsen-
layer corrections (95a)–(95e) for a hard-sphere gas under the Maxwell-type boundary condition remain in the
same form with difference of numerical data of the slip coefficientsk0 andd1 and the Knudsen-layer functions
�1, Y0, etc., which are tabulated in Ohwada and Sone [20] and Wakabayashi et al. [28]. For the mathematical
discussion for the Maxwell-type boundary condition, we need a more general theorem given by Coron et al.
[29].

3.5. Connection of Hilbert and viscous boundary-layer solutions

In the study of a flow with its Mach number of the order of unity around a solid boundary in the preceding
subsections, we found possible types of solutions: the solution (Hilbert solution) in the general domain and
that (viscous boundary-layer solution+ Knudsen-layer solution) in the neighbourhood (within the distance of
the order of the square root of the Knudsen number) of the boundary, but have not finished the connection of
these solutions. Here, we will do that. For this purpose, we will review the Hilbert and viscous boundary-layer
solutions.

The velocity distribution function of the Hilbert solution is expressed as a given function of the molecular
velocity with the macroscopic variables, density, flow velocity, and temperature, as the parametric functions.
Up to the order ofε, it is Maxwellian, and the variation of the parametric macroscopic variables is determined
by the Euler set of equations. In the neighbourhoodεL of a boundary, the parametric functions are expressed
in the following form:

ĥH = (ĥh0
)

0+ ε
[(
ĥh1
)

0+ yni
(
∂ĥh0

∂xi

)
0

]
+ · · · , (102)
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where the order with respect toε is reshuffled.

In section 3.4, it was shown that the solution8̂ in this neighbourhood is given as

8̂= 8̂V + 8̂K. (103)

If 8̂V is expressed as the sum:

8̂V = 8̂H + 8̂VC, (104)

where8̂VC is a correction function decaying rapidly (or faster than any inverse power ofy) asy→∞, then
the connection of this solution and the Hilbert solution can be made. We will derive the connection conditions
of the two solutions.

The viscous solution̂8V is also expressed by a given function of molecular velocity with the macroscopic
variables as the parametric functions. The first three terms of the expansion inε are given by equations (46),
(55) and (63), the first two of which are repeated here for easier understanding of the process of analysis:

8̂V 0= ω̂V0

(πτ̂V 0)3/2
exp(−ζ̃ 2), ζ̃ =

√
ζ̃ 2
i , ζ̃i = (ζi − ûiV 0)

τ̂
1/2
V 0

, (105)

8̂V 1= 8̂V 0

[
ω̂V 1

ω̂V 0
+ 2ζ̃i

ûiV 1

τ̂
1/2
V 0

+ τ̂V 1

τ̂V 0

(
ζ̃ 2
i −

3

2

)
− ζ̃iniA(ζ̃ )

ω̂V0τ̂V 0

∂τ̂V 0

∂y
− ζ̃i ζ̃j njB(ζ̃ )

ω̂V0τ̂
1/2
V 0

∂ûiV 0

∂y

]
. (106)

The function8̂V 0 is Maxwellian. This is a favourable feature since8̂h0 is also Maxwellian. If we consider a
point wherey is large, butεy is small, then the correction̂8VC is negligible there, since its exponential decay
is assumed. If thê8V 0 agrees with8̂h0 there,8̂V 0 is connected witĥ8h0. (The reshuffled form of̂8hm, or
equation (102), in the thin layer should be used here.) This agreement is satisfied if the following conditions
are fulfilled: Asy→∞,

ω̂V0∼ (ω̂h0
)

0, ûiV 0∼ (ûih0
)

0, τ̂V 0∼ (τ̂h0
)

0. (107)

The next-order viscous boundary-layer solution8̂V 1 is not Maxwellian, but it reduces to it in the region
wherey is large butεy is small. In fact,∂τ̂V 0/∂y and∂ûiV 0/∂y in the non-Maxwellian terms of̂8V 1 are small
quantities of the order ofε, since the rapidly varying part (or the terms of∂/∂y =O(1)) is negligibly small there
owing to its exponential decay and therefore only the moderately varying part (or the terms of∂/∂y = O(ε))
remains there. Thus,̂8V 1 reshuffled as well aŝ8h1 is Maxwellian there. Therefore, by the same reason as the
first order term, the connection can be made if the macroscopic variables satisfy the following conditions: As
y→∞,

ω̂V 1∼ (ω̂h1
)

0+ynj
(
∂ω̂h0

∂xj

)
0
, ûiV 1∼ (ûih1

)
0+ynj

(
∂ûih0

∂xj

)
0
, τ̂V 1∼ (τ̂h1

)
0+ynj

(
∂τ̂h0

∂xj

)
0
. (108)

Thus, if we can find the solutionŝωhm, ûihm, τ̂hm (m = 0, 1) of the Euler type sets of equations and those
ω̂Vm, ûiVm, τ̂V m (m= 0, 1) of the viscous boundary-layer type sets that satisfy the connection conditions (107)
and (108), and confirm that the viscous boundary-layer solution approaches the state at infinity compatible with
the connection conditions (107) and (108) with an exponential speed, then the connection process is finished
up to the order ofε. In the next subsection, we will show how the solution satisfying the connection conditions
is constructed.
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3.6. Recipe for construction of the solution

We have seen in section 3.3 that from equation (51) and the boundary condition (49),ûiV 0ni vanishes, i.e.
equation (53) holds, and that from equation (52),p̂V 0 is independent ofy, i.e. equation (54) holds. Then, from
the connection condition (107), (

ûih0
)

0ni = 0. (109)

This is used as the boundary condition for the Euler set (26)–(28) on a solid boundary. This is the standard
boundary condition for the Euler set of equations in the classical gas dynamics. Solving the Euler set (26)–
(28) under the boundary condition (109) (and the other necessary condition, e.g., the condition at infinity), we
obtain the leading macroscopic variablesω̂h0, ûih0, τ̂h0, andp̂h0, thus(ω̂h0)0, (ûih0)0t

(α)
i , (τ̂h0)0, and(p̂h0)0.

Then, from the connection condition (107) with the aid of equation (14d)V , the behaviour of̂ωV0, ûiV 0t
(α)
i , τ̂V 0,

andp̂V 0 asy→∞ is determined. From equation (54) and the condition onp̂V0 asy→∞ just obtained,p̂V 0

is determined:

p̂V 0= (p̂h0
)

0. (110)

The conditions on̂uiV 0t
(α)
i and τ̂V 0 asy→∞ just obtained, together with the conditions onûiV 0t

(α)
i and τ̂V 0

at y = 0 given in equation (49), form the boundary conditions for viscous boundary-layer equations (57) and
(59). In equations (57) and (59),̂pV 0 is given by equation (110),̂ωV 0 = p̂V 0/τ̂V 0 by equation (14d)V , and a
higher order quantitŷωV0ûjV 1nj is expressed by lower order quantities by equation (56) and the boundary
condition (93) as follows:

ω̂V0ûiV 1ni =−
2∑
α=1

∫ y

0

(
χα,α

∂ω̂V0ûiV 0t
(α)
i

∂χα
− (−1)αg3−αω̂V 0ûiV 0t

(α)
i

)
dy. (111)

Thus, equations (57) and (59) with the supplementary equations (14d)V , (110), and (111) are reduced to the
equations for̂uiV 0t

(α)
i andτ̂V 0. These equations with the above-mentioned boundary conditions at infinity and

aty = 0 determineûiV 0t
(α)
i andτ̂V 0, thus all the macroscopic variables at the leading order of the expansion.

Now we proceed to determination of the quantities of the orderε. From the first in equation (107), the second
in equation (108), and the expression (111) ofûiV 1ni, including the condition of rapid approach, the value of
ûih1ni on the boundary is given as follows:

(
ûih1

)
0ni =−

∫ ∞
0

[
1

(ω̂h0)0

2∑
α=1

(
χα,α

∂ω̂V0ûiV 0t
(α)
i

∂χα
− (−1)αg3−αω̂V0ûiV 0t

(α)
i

)

+
(
∂ûih0

∂xj

)
0
ninj

]
dy. (112)

This is the boundary condition for the linearized Euler set (29)–(31); in equations (30) and (31) the coefficients
of the derivatives of̂uih1 and τ̂h1 normal to the boundary vanish on the boundary owing to equation (109).
Equation (112) is an appropriate boundary condition for the set. (Note: (a) A simpler example of this type
of boundary-value problem for the linearized Euler equations is found in the analysis of a uniform flow
of an inviscid gas past a thin body. (b) If(ûih0)0ni > 0, specification of the normal componentûih1ni
only is not sufficient. We will give a simple explanatory example of this difference in Appendix C.) From
the linearized Euler set and the boundary condition, the first-order quantitiesω̂h1, ûih1, τ̂h1, and p̂h1 (thus
(ω̂h1)0, (ûih1)0t

(α)
i , (τ̂h1)0, and(p̂h1)0) are obtained. Then, from the connection condition (108), with the aid
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of equation (15d)V , the behaviour of̂ωV 1, ûiV 1t
(α)
i , τ̂V 1, andp̂V 1 asy→∞ is determined. These conditions give

the boundary conditions for the viscous boundary-layer set of equations (58), (65) and (67) asy→∞. Their
boundary conditions aty = 0 are given by the first and last relations in equation (93). The higher-order normal
velocity ûjV 2nj in equations (65) and (67) is replaced by equation (99). Equations (58), (65) and (67) with the
supplementary equations (15d)V and (99) and the boundary conditions aty = 0 and at infinity determinêωV 1,

ûiV 1t
(α)
i , p̂V1, andτ̂V 1, thus all the macroscopic variables at the order ofε.

4. Discussions

We have obtained the system of equations and boundary conditions that describes a flow of a slightly rarefied
gas with a finite Mach number up to the order of the square root of the Knudsen number and described
the features of the system and the procedure for finding the solution of the system. The viscous boundary-
layer equations in the three-dimensional form obtained, however, are complicated and their character is not
transparent. Thus, we here list the equations and boundary conditions in the two-dimensional case and give
supplementary explanations. In the following discussion, the quantities are assumed to be uniform alongχ2

coordinate, andχ1, which is orthogonal toχ2 and is taken in such a way thatχ1,1= 1, is simply denoted byχ.
For simplicity, ûiVmt

(1)
i andûiVmni are denoted, respectively, byum andvm. Generally, the order of expansion

is denoted by the subscript of each quantity, and the subscriptsV, α, andβ and the superscripts(α) and(β) are
omitted (e.g.,t (1)i → ti , κ1→ κ, κ2→ 0, gα→ 0, ϑα→ 0). The viscous boundary-layer equations and their
boundary conditions obtained in sections 3.3–3.5 are rewritten as follows. The leading-order equations are

v0= 0, p̂0= p̂0(χ)= (p̂h0)0, (113)

ω̂0

(
u0
∂u0

∂χ
+ v1

∂u0

∂y

)
=−1

2

dp̂0

dχ
+ 1

2

∂

∂y

(
γ1τ̂

1/2
0
∂u0

∂y

)
, (114)

3

2
ω̂0

(
u0
∂τ̂0

∂χ
+ v1

∂τ̂0

∂y

)
=−p̂0

(
∂u0

∂χ
+ ∂v1

∂y

)
+ γ1τ̂

1/2
0

(
∂u0

∂y

)2

+ 5

4

∂

∂y

(
γ2τ̂

1/2
0
∂τ̂0

∂y

)
, (115)

where

ω̂0= p̂0/τ̂0, andv1=− 1

ω̂0

∫ y

0

∂ω̂0u0

∂χ
dy. (116)

Their boundary conditions are

u0= ûwi ti , τ̂0= τ̂w, aty = 0, (117)

u0∼ (ûih0)0ti , τ̂0∼ (τ̂h0)0, asy→∞. (118)

The (p̂h0)0 in equation (113) and(ûih0)0ti and(τ̂h0)0 in equation (118) are given by the solution of the Euler
set (26)–(28) under the boundary condition(ûih0)0ni = v0(y→∞)= 0.

The next-order equations are

ω̂0u0
∂u1

∂χ
+ (ω̂0u1+ ω̂1u0)

∂u0

∂χ
+ ω̂0v1

∂u1

∂y
+ (ω̂0v2+ ω̂1v1)

∂u0

∂y
− κω̂0u0v1+ κyω̂0u0

∂u0

∂χ

=−1

2

(
∂p̂1

∂χ
+ κy ∂p̂0

∂χ

)
+ 1

2

∂

∂y

[
γ1τ̂

1/2
0

(
∂u1

∂y
+ κu0

)
+ τ̂1

dγ1τ̂
1/2
0

dτ̂0

∂u0

∂y

]
− κγ1τ̂

1/2
0
∂u0

∂y
, (119)
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∂p̂1

∂y
=−2κω̂0u

2
0, (120)

3

2
ω̂0v1

∂τ̂1

∂y
+ 3

2
(ω̂0v2+ ω̂1v1)

∂τ̂0

∂y
+ 3

2
ω̂0u0

∂τ̂1

∂χ
+ 3

2
(ω̂0u1+ ω̂1u0+ κyω̂0u0)

∂τ̂0

∂χ

=−p̂0

[
∂v2

∂y
+ ∂u1

∂χ
+ κ

(
y
∂u0

∂χ
− v1

)]
− p̂1

(
∂v1

∂y
+ ∂u0

∂χ

)

+
[
2γ1τ̂

1/2
0

(
∂u1

∂y
+ κu0

)
+ τ̂1

dγ1τ̂
1/2
0

dτ̂0

∂u0

∂y

]
∂u0

∂y

+ 5

4

∂

∂y

[
γ2τ̂

1/2
0
∂τ̂1

∂y
+ τ̂1

dγ2τ̂
1/2
0

dτ̂0

∂τ̂0

∂y

]
− 5

4
κγ2τ̂

1/2
0
∂τ̂0

∂y
, (121)

whereω̂1 andv2 are given by

ω̂1τ̂0= p̂1− ω̂0τ̂1,

v2=− ω̂1v1

ω̂0
− 1

ω̂0

∫ y

0

(
∂(ω̂0u1+ ω̂1u0)

∂χ
− κω̂0v1+ κy ∂ω̂0u0

∂χ

)
dy. (122)

The boundary conditions aty = 0 are

u1=− k0

ω̂0

∂u0

∂y
, τ̂1= d1

ω̂0

∂τ̂0

∂y
. (123)

The conditions at infinity are as follows: asy→∞,

ω̂1∼ (ω̂h1
)

0+ ynj
(
∂ω̂h0

∂xj

)
0
, u1∼ (ûih1

)
0ti + ynj

(
∂ûih0

∂xj

)
0
ti , τ̂1∼ (τ̂h1

)
0+ ynj

(
∂τ̂h0

∂xj

)
0
.

The data on the right-hand sides are given by the solution of the Euler set of equations (29)–(31) under the
boundary condition: (

ûih1
)

0ni =−
∫ ∞

0

[(
∂ûih0

∂xj

)
0
ninj + 1

(ω̂h0)0

∂ω̂0u0

∂χ

]
dy. (124)

The viscous boundary-layer equations and boundary conditions (114)–(118) at the leading order are the same
as those for the Navier–Stokes equations for a compressible gas (the compressible gas version of the Prandtl
boundary-layer equations and their boundary conditions). The next order equations also do not contain the
non-Navier–Stokes stress and heat flow terms. The term containingτ̂1 dγ1τ̂

1/2
0 /dτ̂0 or τ̂1 dγ2τ̂

1/2
0 /dτ̂0 is due

to the fact that the viscosity or thermal conductivity of the gas depends on its temperature. These equations
are derived from the Navier–Stokes set of equations for a compressible gas where the coordinate normal to the
boundary is stretched by the factor of the square root

√
Re of the Reynolds number, by a power series expansion

in Re−1/2. (Note the relation (10), which depends on the stress formula (68) in converting the mean free path to
the viscosity, for the transfer from the Re−1/2-expansion toε-expansion.) The result does not support the claim
by Darrozes [6] that the boundary-layer equations describing the leading effect of gas rarefaction should contain
a non-Navier–Stokes stress term. (In his paper no explicit equations are given.) Owing to special anisotropic
character of the viscous boundary-layer equations, a higher-order quantity, orv2, which is expressed by lower-
order quantities, enters the equations that determine the behaviour ofω̂1, u1, p̂1, and τ̂1. However, in view of
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the fact that its boundary value(v2)0 vanishes owing to the displacement effect of the Knudsen layer being
of higher order, the contributions up to the order of

√
Kn are included in the system of the Navier–Stokes

equations (in the nonexpanded original form) and the (correspondingly rearranged) slip conditions consisting
of tangential velocity slip due to the shear of flow and temperature jump due to the temperature gradient normal
to the boundary.

In the analysis of the viscous boundary layer, we do not follow the method of our previous analyses of this
type of problem, that is, we do not split the solution into two parts: the Hilbert solution and its correction. This
is because the viscous boundary-layer equation is usually obtained in the form without splitting and we want
to keep the resemblance here. We can, of course, carry out the analysis in the split form:8̂V = 8̂H + 8̂VC,

where8̂VC is the viscous boundary-layer correction to the Hilbert solution and is assumed to decay rapidly
away from the boundary. Correspondingly, a macroscopic variableĥV is split as

ĥV0= (ĥh0)0+ ĥVC0, ĥV1= (ĥh1)0+ yni(∂ĥh0/∂xi)0+ ĥVC1, . . . ,

whereĥ representŝω, ûi, etc. The analysis of̂8VC is carried out in a similar way to that of̂8V. The equations
that determine the behaviour ofĥVC0, ĥVC1, etc. are naturally those obtained by substituting the above relations
into the equations for̂hV 0, ĥV1, etc. An equation for̂hVCm is denoted by the superscript * on the number
of its corresponding equation. From equation (53)∗ and the condition of rapid decay of̂hVCm, it is found
that (ûih0)0ni = 0, which is the boundary condition (109) for the Euler set (26)–(28). From its solution,
(ω̂h0)0, (ûih0)0t

(α)
i , (τ̂h0)0, and(p̂h0)0 are determined. From equation (54)∗ and the condition of rapid decay

of p̂VC0, it is found thatp̂VC0 = 0. Equations (57)∗ and (59)∗ with the supplementary equations (111)∗ and
(14d)∗V are the equations for the correction functionsω̂VC0, ûiVC0t

(α)
i , ûiVC1ni, and τ̂VC0; equation (49)∗ and

the condition of rapid vanishing of̂hVC0 asy→∞ are their boundary conditions. This system of equations
and boundary conditions contains an undetermined boundary value(ûih1)0ni as well as the determined
data (ω̂h0)0, (ûih0)0t

(α)
i , (∂ûih0/∂xj )0ninj , (τ̂h0)0, and (p̂h0)0. The undetermined data(ûih1)0ni should be

a special value for the system to have a solution. That is, taking the limit asy →∞ of equation (111)∗
with y(ω̂h0∂ûih0/∂xj )0ninj term shifted to the right-hand side and taking into account the condition of rapid
vanishing, then we obtain equation (112)∗. (The condition does not generally assure the existence of solution.)
This is the boundary condition for the Euler set (29)–(31). The discussion for the further steps can be carried
out in a similar way. In this procedure, the connection conditions are replaced by the condition of rapid decay,
and the discussion may be more comprehensible. The two ways of analysis are equivalent.

We have not mentioned about the shock layer (Grad [30]). A thin layer with sharp variation across it may
appear inside the gas region when a local Mach number in the flow is larger than unity. It is not difficult to
incorporate the layer in the present solution if the layer is outside the viscous boundary layer (or in the Euler
region). Up to the first order ofε, in the same way as in the classical gas dynamics, the layer may be taken as a
discontinuity, and the regions across the discontinuity have only to be connected by the shock wave condition
(Rankine–Hugoniot relation). The internal structure of the layer is expressed by that of the plane shock wave
(Caflisch and Nicolaenko [31]).

In the present analysis, we considered a flow of a finite Mach number and obtained the Euler or viscous
boundary-layer equations for a compressible gas as the fluid-dynamic type equations. The analysis for a flow
of a small Mach number but a large Reynolds number can be carried out with small modification, and the Euler
set of equations and the set of viscous boundary-layer equations for an incompressible gas are derived as the
leading-order system. The situation where the Mach number Ma is of the order of Knn/m (m andn (< m):
positive integers) and the variation of temperature of the boundary is the same order as the Mach number is
considered. Then, the leading Maxwellian distribution8̂h0 or 8̂V 0 is a uniform state at rest (or̂ωh0 andτ̂h0 are
constant and̂uih0= 0, or ω̂V 0 andτ̂V 0 are constant and̂uiV 0= 0), and a nonuniform term starts at the order of
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Knn/m. The Reynolds number Re (∝ Ma/Kn) is of the order of Kn−(m−n)/m. Thus, the thickness of the viscous
boundary layer may be considered to be of the order of Kn(m−n)/2mL; correspondingly, the stretching factor
of the viscous boundary-layer coordinate is Kn−(m−n)/2m. With these differences in mind and taking Kn1/2m as
the expansion parameter instead ofε (or Kn1/2), the analysis (the Euler region, the viscous boundary layer, the
Knudsen layer, and their connection) can be carried out in a similar way to that in section 3.

5. Concluding remarks

We have developed an asymptotic theory of a rarefied gas flow of a finite Mach number in a general domain
for small Knudsen numbers. The behaviour of the gas is conveniently described by splitting the domain into
three regions: Euler region (or the overall region except in the neighbourhood of a boundary), viscous boundary
layer, and Knudsen layer. The solution is expressed in a power series of the square root of the Knudsen number,
and in the former two regions, the behaviour of the gas is determined by equations of fluid-dynamic type
(or equations governing the component functions of the expansion of the macroscopic variables, density, flow
velocity, and temperature, of the gas): equations of Euler type in the Euler region and those of viscous boundary-
layer type in the viscous boundary layer. Up to the order of

√
Kn, these equations are those obtained by

the expansion of the Euler set of equations in the Euler region, and the equations obtained by the expansion
of the compressible Navier–Stokes set of equations in the viscous boundary layer. (Note: The relation Re
= (2/γ1)(10/3π)1/2Ma/Kn between Kn and Re, which is the result of the relation between the mean free path
and the viscosity given by the nondimensional form of the stress formula (68), should be taken into account
in the expansion, whereγ1 is evaluated at̂τV 0 = 1 for a general molecular model.) At the order of

√
Kn, the

viscous boundary-layer equations should be solved under the slip conditions (or the first and last relations in
equation (93)) for the tangential velocity and temperature. In these equations, the component function at the
order Kn of the expansion of the flow velocity normal to the boundary, which is expressed by the lower-order
quantities, is contained owing to strong anisotropy of the viscous boundary layer. Because the boundary value
of this component vanishes((ûiV 2ni)0 = 0, equation (98)) owing to the displacement effect of the Knudsen
layer being of higher order, the contributions up to the order

√
Kn are included in the system of the non-

expanded original Navier–Stokes equations and the correspondingly rearranged slip conditions (consisting of
tangential velocity slip due to the shear of flow and temperature jump due to the temperature gradient normal
to the boundary). The result of the present asymptotic analysis is different from that of Darrozes [6].

Finally, it is noted that the kinetic boundary condition on a body or bodies is used in deriving the
supplementary equation (111) or (99) for the boundary-layer equations (57) and (59) or (58), (65), and (67),
as well as equation (53). The information of the Knudsen layer is contained in the corresponding equations of
higher order than those given in the present paper.

Appendix A. Solutions8̂V 1 and 8̂V 2

The particular solution of the integral equation for8̂Vm (equations (43), (44), etc.) is expressed by a
polynomial ofζ̃i , with coefficients of functions of̃ζ . This is derived from the isotropic property of the collision
operator with respect tõζi as follows. (See, e.g., Sone and Aoki [11].)

Consider the following linear integral equation which is equivalent to the integral equations (43), (44), etc.
for 8̂Vm:

L[φ] =H(ζi). (A1)
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Here,H(ζi) is a given function ofζi, andL[φ] is the linearized collision integral defined by

L[φ] =
∫
E(ζ∗)(φ′ + φ′∗ − φ − φ∗)B̂τ̂V 0

(∣∣α · (ζ ∗ − ζ )∣∣, |ζ ∗ − ζ |)d�(α)dζ ∗, (A2)

E(ζ )=π−3/2 exp
(−ζ 2), ζ = (ζ 2

i

)1/2
,

whereB̂τ̂V 0(|α · (ζ ∗ − ζ )|, |ζ ∗ − ζ |) is

B̂τ̂V 0

(∣∣α · (ζ ∗ − ζ )∣∣, |ζ ∗ − ζ |)= τ̂−1/2
V 0 B̂

(∣∣α · (ζ ∗ − ζ )∣∣τ̂ 1/2
V 0 , |ζ ∗ − ζ |τ̂ 1/2

V 0

)
. (A3)

For a hard-sphere gas,̂Bτ̂V 0(|α · (ζ ∗ − ζ )|, |ζ ∗ − ζ |) is independent of̂τV 0. The transformation from equation
(43) or (44) to equation (A1) is carried out in the following way: change the variablesζi to ζ̃i [= (ζi −
ûiV 0)/τ̂

1/2
V 0 ]; eliminate∼ overζi , etc.; make correspondencê8Vm toEφ. For the BKW equation, the linearized

collision integralL[φ] is given by

τ̂
1/2
V 0 L[φ] =

∫ [
1+ 2ζiζi∗ + 2

3

(
ζ 2
i −

3

2

)(
ζ 2
j∗ −

3

2

)]
φ(ζk∗)E(ζ∗)dζ ∗ − φ. (A4)

We will derive the general form of the solution of the linear integral equation (A1) whenH(ζi) has a certain
symmetry as well as satisfies the solvability conditions:∫ (

1, ζi, ζ
2
j

)
H(ζk)E(ζ )dζ = 0. (A5)

Now take a group of integral equations:

L[φi1,...,im(ζk)] =Hi1,...,im(ζk), (A6)

where the inhomogeneous termsHi1,...,im(ζk) are assumed to be symmetric with respect to their subscripts
(i1, . . . , im) and to satisfy the following isotropic property:

Hi1,...,im(`khζh)= `i1j1 · · ·`imjmHj1,...,jm(ζk), with `ik`jk = δij . (A7)

It is noted here that the collision integral also has this property. That is, let

Fi1,...,im(ζk)=L
[
ζi1 · · · ζimf (ζ )

]
, (A8)

and then

Fi1,...,im(`khζh)= `i1j1 · · ·`imjmFj1,...,jm(ζk). (A9)

The functionsFi1,...,im(ζk) are, of course, symmetric with respect to the subscripts(i1, . . . , im).

The solutionsφi1,...,im(ζk) that are orthogonal to 1, ζi, andζ 2
j (the solutions of the associated homogeneous

equation): ∫ (
1, ζi, ζ

2
j

)
φi1,...,im(ζk)E(ζ )dζ = 0, (A10)

have the same isotropic property:

φi1,...,im(`khζh)= `i1j1 · · ·`imjmφj1,...,jm(ζk). (A11)
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The solutionsφi1,...,im(ζk) are also symmetric with respect to the subscripts(i1, . . . , im).

On the other hand, any group of functions8i1,...,im(ζk) that are symmetric with respect to their subscripts
(i1, . . . , im) and that have the isotropic property:

8i1,...,im(`khζh)= `i1j1 · · ·`imjm8j1,...,jm(ζk), (A12)

are known to be expressed in the following form. (See, e.g., Sone and Aoki [11] for elementary derivation.)

8i1,...,im(ζh)=
[m/2]∑
n=0

gn(ζ )
∑
∗
ζia · · · ζib︸ ︷︷ ︸
m−2n

δicid · · · δieif︸ ︷︷ ︸
n

, (A13)

wheregn(ζ ) is an arbitrary function ofζ, the symbol[m/2] is the largest integer that does not exceedm/2,
and the summation

∑
∗ is carried out overm!/2nn!(m− 2n)! terms in the following way: dividem subscripts

(i1, . . . , im) into two sets: one withm− 2n elementsia, . . . , ib and the other with 2n elementsic, . . . , if , for
which there arem!/(2n)!(m− 2n)! ways of division. For each set, consider all possible ways to maken pairs
(ic, id), . . . , (ie, if ), which are(2n)!/2nn!. Then there arem!/(2n)!(m − 2n)! × (2n)!/2nn! terms. The

∑
∗

means to sum up all these terms. For some small values ofm, 8i1,...,im(ζh) is given as follows:

8(ζh)= g0(ζ ) (m= 0), 8i(ζh)= ζig0(ζ ) (m= 1),

8i,j (ζh)= ζiζj g0(ζ )+ δij g1(ζ ) (m= 2),

8i,j,k(ζh)= ζiζj ζkg0(ζ )+ (ζiδjk + ζj δki + ζkδij )g1(ζ ) (m= 3).

With this form of function asφi1,...,im(ζk), solution of the integral equation (A1) for a function of three
independent variablesζ1, ζ2, and ζ3 is reduced to that of an integral equation for a function or functions of
one independent variableζ. For example, whenH(ζi) in equation (A1) is given byζ1(ζ

2 − 5/2), thenφ is
expressed asζ1g(ζ ), whereg(ζ ) is the solution of the integral equation:

L
[
ζ1g(ζ )

]= ζ1(ζ
2− 5/2), with the orthogonal conditon

∫ ∞
0
ζ 4g(ζ )E(ζ )dζ = 0.

Arranging the inhomogeneous terms in equations (43) and (44) in such a way that the above discussion of
solution of the integral equation (A6) may be applied, we find that the solutions8̂Vm (m= 1,2) are expressed in
the form given in equations (55) and (63) with the aid of the functionsA(ζ̃ ), B(ζ̃ ), etc. defined in Appendix B.
In this process of arrangement of the inhomogeneous term,Ĵ terms are treated separately, since each of any
subdivision of theĴ terms satisfies the solvability conditions owing to the symmetry relation of the collision
integral (see, e.g., Grad [15], Cercignani [14], Sone and Aoki [11]) but is not symmetric with respect to some
of its subscripts. (See Appendix B.)

Appendix B. FunctionsA(ζ̃ ), B(ζ̃ ), etc. andγ1, γ2, etc.

The functionsA(ζ̃ ), B(ζ̃ ), etc., appeared in section 3.3, are expressed by linear combinations of solutions
of the following integral equations with a subsidiary condition (indicated by sc) related to equation (A10). In
this Appendix the symbolsζi andζ are used instead ofζ̃i andζ̃ for simplicity.

L
[
ζiA(ζ )

]=−ζi(ζ 2− 5

2

)
, sc:

∫ ∞
0
ζ 4A(ζ )E(ζ )dζ = 0; (B1)
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L
[(
ζiζj − 1

3
ζ 2δij

)
B(m)(ζ )

]
= IB(m)ij ; (B2)

L
[(
ζiδjk + ζj δki + ζkδij )T (m)1 (ζ )+ ζiζj ζkT (m)2 (ζ )

]= IT (m)ijk ,

sc:
∫ ∞

0

(
5ζ 4T (m)1 + ζ 6T (m)2

)
E(ζ )dζ = 0; (B3)

L
[
ζiδjk T̃ (0)11 (ζ )+

(
ζj δki + ζkδij )T̃ (0)12 (ζ )+ ζiζj ζkT̃ (0)2 (ζ )

]= I T̃ (0)i,jk,

sc:
∫ ∞

0

(
5ζ 4T̃ (0)12 + ζ 6T̃ (0)2

)
E(ζ )dζ = 0,

∫ ∞
0

(
5ζ 4T̃ (0)11 + ζ 6T̃ (0)2

)
E(ζ )dζ = 0; (B4)

L
[(
δij δkl + δikδjl + δilδjk)Q(0)1 (ζ )

+ (ζiζj δkl + ζiζkδjl + ζiζlδjk + ζj ζkδil + ζj ζlδik + ζkζlδij )Q(0)2 (ζ )+ ζiζj ζkζlQ(0)3 (ζ )
]= IQ(0)

ijkl,

sc:
∫ ∞

0

(
1, ζ 2)(15ζ 2Q(0)1 + 10ζ 4Q(0)2 + ζ 6Q(0)3

)
E(ζ )dζ = 0; (B5)

L
[
δij δklQ̃(0)11 (ζ )+

(
δikδjl + δilδjk)Q̃(0)12 (ζ )+ (ζiζj δkl + ζkζlδij )Q̃(0)21 (ζ )

+ (ζiζkδjl + ζiζlδjk + ζj ζkδil + ζj ζlδik)Q̃(0)22 (ζ )+ ζiζj ζkζlQ̃(0)3 (ζ )
]= IQ̃(0)

ij,kl ,

sc:
∫ ∞

0

(
1, ζ 2)(15ζ 2Q̃(0)11 + 10ζ 4Q̃(0)21 + ζ 6Q̃(0)3

)
E(ζ )dζ = 0,

and
∫ ∞

0

(
1, ζ 2)(15ζ 2Q̃(0)12 + 10ζ 4Q̃(0)22 + ζ 6Q̃(0)3

)
E(ζ )dζ = 0; (B6)

L
[
N (m)(ζ )

]= IN(m), sc:
∫ ∞

0

(
1, ζ 2)ζ 2N (m)E(ζ )dζ = 0. (B7)

Here,L[φ] is the linearized collision integral defined by equation (A2), whereB̂τ̂V 0 is given by equation (A3).
For the BKW equation, it is given by equation (A4). The inhomogeneous termsIB

(m)
ij , IT

(m)
ijk , etc. in equations

(B2)–(B7) are as follows:

IB
(0)
ij =−2

(
ζiζj − ζ

2

3
δij

)
, IB

(1)
ij =

(
ζiζj − ζ

2

3
δij

)
A(ζ ),

IB
(2)
ij =

(
ζiζj − ζ

2

3
δij

)(
2
(
ζ 2− 3

)
A(ζ )− ζ ∂A(ζ )

∂ζ
+ 2τ̂V 0

∂A(ζ )

∂τ̂V 0

)
,

IB
(3)
ij =

1

E(ζ )

(
Jτ̂V 0

(
ζiA(ζ )E(ζ ), ζjA(ζ )E(ζ )

)− δij
3

3∑
k=1

Jτ̂V 0

(
ζkA(ζ )E(ζ ), ζkA(ζ )E(ζ )

))
,

IB
(4)
ij =

(
ζiζj − ζ

2

3
δij

)
B(0)(ζ ); (B8)

IT
(0)
ijk =−ζiζj ζkB(0)(ζ )+ γ1

(
ζiδjk + ζj δki + ζkδij ),

IT
(1)
ijk =−ζiζj ζk

(
2A(ζ )− 1

ζ

∂A(ζ )

∂ζ

)
,
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IT
(2)
ijk =−ζiζj ζk

((
ζ 2− 3

)
B(0)(ζ )− ζ

2

∂B(0)(ζ )
∂ζ

)
+ γ1

2

(
ζiδjk + ζj δki + ζkδij ),

IT
(3)
ijk =−ζiζj ζkτ̂V 0

∂B(0)(ζ )
∂τ̂V 0

+ τ̂V 0
dγ1

dτ̂V 0

(
ζiδjk + ζj δki + ζkδij ); (B9)

I T̃
(0)
i,jk = Jτ̂V 0

(
ζiA(ζ )E(ζ ), ζj ζkB(0)(ζ )E(ζ )

)
/E(ζ ); (B10)

IQ
(0)
ijkl =

1

3

[
ζ 2B(0)(ζ )+ 2γ1

(
ζ 2− 3

2

)](
δij δkl + δikδjl + δilδjk)

− ζiζj ζkζl
(

2B(0)(ζ )− 1

ζ

∂B(0)(ζ )
∂ζ

)
; (B11)

IQ̃
(0)
ij,kl = Jτ̂V 0

(
ζiζjB(0)(ζ )E(ζ ), ζkζlB(0)(ζ )E(ζ )

)
/E(ζ ); (B12)

IN(0)= 2ζ 2
(
ζ 2− 7

2

)
A(ζ )− ζ 3∂A(ζ )

∂ζ
,

IN(1)= 2τ̂V 0
∂A(ζ )

∂τ̂V 0
ζ 2− 5τ̂V 0

dγ2

dτ̂V 0

(
ζ 2− 3

2

)
,

IN(2)= ζ 2A(ζ )− 5

2
γ2

(
ζ 2− 3

2

)
,

IN(3)= 1

E(ζ )

3∑
k=1

Jτ̂V 0

(
ζkA(ζ )E(ζ ), ζkA(ζ )E(ζ )

)
. (B13)

The summation sign
∑

is used inIB(3)ij andIN(3), since the summation convention is a little difficult to be

distinguished there, and the comma in the subscripts on the inhomogeneous termsI T̃
(0)
i,jk andIQ̃(0)

ij,kl are put
to show their non-symmetric property with respect to the subscripts. TheJτ̂V 0(φ,ψ), γ1, andγ2 in some of
the inhomogeneous terms in equations (B2)–(B7) are defined as follows: TheJτ̂V 0(φ,ψ) is given byĴ (φ,ψ)
(equation (2)) wherêB is replaced bŷBτ̂V 0 (equation (A3)), i.e.

Jτ̂V 0(φ,ψ)=
1

2

∫
(φ′∗ψ

′ + φ′ψ ′∗ − φ∗ψ − φψ∗)B̂τ̂V 0

(∣∣α · (ζ ∗ − ζ )∣∣, |ζ ∗ − ζ |)d�(α
)

dζ ∗. (B14)

Incidentally, the linearized collision integralL[φ] defined by equation (A2) is related toJτ̂V 0(φ,ψ):

E(ζ )L[φ] = 2Jτ̂V 0(E,Eφ). (B15)

Theγ1 andγ2 are given by the moments ofB(0)(ζ ) andA(ζ ):

γ1= I6(B(0)), γ2= 2I6(A), In(Z)= 8

15
√
π

∫ ∞
0
ζ nZ(ζ )exp

(−ζ 2)dζ. (B16)

It is noted that some terms (e.g.,Jτ̂V 0(ζiE(ζ ), ζjA(ζ )E(ζ ))) of Ĵ (8̂V 1, 8̂V 1) in the inhomogeneous term
of equation (44) can be transformed into simpler forms for which the solution is easily found. (Its detailed
explanation is omitted because of limited space.) For the BKW equation, theJτ̂V 0 terms in the above
inhomogeneous terms are taken to be zero.
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The inhomogeneous terms of the integral equations (B1)–(B13) satisfy the solvability conditions. The forms
of the solutions are guaranteed by the discussion in Appendix A. (See Sone and Aoki [11] for the details.)
The inhomogeneous termsI T̃ (0)i,jk andIQ̃(0)

ij,kl are not symmetric with respect to some of their subscripts. Thus,
the statement in Appendix A is not directly applied, but the forms of the solutions corresponding to these
inhomogeneous terms are verified by simple generalization of the argument in Sone and Aoki [11]. (Note: the
present forms of the solutions are determined under the condition that the isotropic condition (A11) hold for
both the cases of the determinant‖`ij‖ = 1 and−1.) The subsidiary conditions are the conditions that the
solution is orthogonal to the solutions of the corresponding homogeneous equation, such as equation (A10). In
equation (B2), the orthogonal conditions are incorporated in the form of the solution in view of the fact that the
traces, with respect to the subscript(i, j), of the inhomogeneous term (B8) vanishes. Except for a hard-sphere
gas, the solutions of the integral equations,A(ζ ), B(m)(ζ ), T (m)(ζ ), etc., depend on̂τV 0.

The functionsB(ζ ), B1(ζ ),Q1(ζ ), etc. as well asA(ζ ) in the solutionŝ8V 1 and8̂V 2 are expressed by linear
combinations of the solutions of the above integral equations as

B(ζ )= B(0)(ζ ), B1(ζ )=−B(1)(ζ ), B2(ζ )=−B(2)(ζ )− 2B(3)(ζ ),

NA(ζ )=−1

3

[
N (0)(ζ )+N (1)(ζ )+N (2)(ζ )+2N (3)(ζ )

]
,

N B(ζ )=−1

3
N (2)(ζ ), T AN (ζ )= T (0)N (ζ ) (N = 1,2),

T B1 (ζ )= T (1)1 (ζ )+ T (2)1 (ζ )+ T (3)1 (ζ )− 2T̃ (0)12 (ζ ),

T B2 (ζ )= T (1)2 (ζ )+ T (2)2 (ζ )+ T (3)2 (ζ )− 2T̃ (0)2 (ζ ),

Q1(ζ )=Q(0)1 (ζ )− Q̃(0)12 (ζ )−
1

3
ζ 2B(4)(ζ ), Q2(ζ )=Q(0)2 (ζ )− Q̃(0)22 (ζ ),

Q3(ζ )=Q(0)2 (ζ )− Q̃(0)22 (ζ )+ B(4)(ζ ), Q4(ζ )=Q(0)3 (ζ )− Q̃(0)3 (ζ ). (B17)

Similarly to γ1 andγ2, theγ3, γ7, γ8, γ9, andγ10, appeared in the formulas of stress tensor and heat flow
vector (equations (68) and (69)) as well as in the fluid-dynamic type equations (65)–(67), are defined by the
following moments of solutions of the integral equations:

γ3= 2I6(B1)= 5I6
(
T A1
)+ I8

(
T A2
)
, γ7= I6(B2), γ8= I6(Q2)+ 1

7
I8(Q4),

γ9=−I6(Q3−Q2)=−I6
(
B(4)

)
, γ10= 5

8
I6
(
T B1
)+ 1

8
I8
(
T B2
)
. (B18)

The second equality in the equation forγ3 is derived with the aid of self-adjoint property of the linearized
collision operatorL(φ).

The numerical solutions ofA(ζ ), B(ζ ), B(1)(ζ ) (asF(ζ )), T (0)1 (ζ ) (asD1(ζ )), andT (0)2 (ζ ) (asD2(ζ )) for
a hard-sphere gas are given in Ohwada and Sone [20]. (The functionν(ζ ) in equations (A1)–(A5) on page 409
in the paper is a misprint for 2

√
2ν(ζ ).) Some ofγm are

γ3= 1.947906, γ7= 0.188106.

For the BKW model,

A(ζ )/τ̂
1/2
V 0 = ζ 2− 5/2, B(ζ )/τ̂

1/2
V0 = 2, B(1)(ζ )/τ̂V 0=−ζ 2+ 5/2,

T (0)1 (ζ )/τ̂V 0=−1, T (0)2 (ζ )/τ̂V 0= 2; γ3= γ7= γ8= γ9= γ10= τ̂V 0.
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(The definitions ofA(ζ ), B(ζ ), andγm for the BKW model are modified from those in our previous papers,
Ohwada and Sone [20] and Sone et al. [32], etc. In the present definitions, we can save separate comments on
the equations in section 3.3, etc. for the BKW model, althoughA(ζ ), B(ζ ), andγm contain τ̂V 0 in the new
definitions.)

Appendix C. On the boundary condition for the linearized Euler set of equations

Here we will give a simple explanatory example of the difference of the appropriate number of boundary
conditions for the linearized Euler set of equations depending on situations. Consider a two-dimensional case
of an incompressible gas(ρ is constant). The flow is assumed here to be very close to a uniform flow. The
uniform flow, naturally, satisfies the Euler set of equations. Let(X, Y ) be the space coordinates, and letp0+ p̃
and(U + u(X,Y ), v(X,Y )) (p0 andU: positive constants), respectively, be the pressure and the flow velocity,
wherep̃, u, andv are small quantities.

The equations for the perturbed quantitiesu, v, andp̃ are the linearized Euler set:

∂u

∂X
+ ∂v

∂Y
= 0, U

∂u

∂X
=−1

ρ

∂p̃

∂X
, U

∂v

∂X
=−1

ρ

∂p̃

∂Y
. (C1)

The coefficients of∂u/∂Y and ∂v/∂Y vanish in the last two equations. In terms of the stream function9:
u= ∂9/∂Y, v =−∂9/∂X, the set of equations (C1) is reduced to the single equation for the vorticity∆9:

∂

∂X
∆9 = 0, (C2)

which shows the invariance of vorticity along the streamlines of the uniform flow.

(I) Consider a uniform flow past a thin body set parallel to the flow, given byy = f ±(x) (06 x 6 L),
wheref + or f − expresses the upper or lower surface of the body and|f ±| is very small. Then the boundary
condition thatvini = 0 on the body can be replaced by the conditionv = U df ±/dX atY = 0± (06X 6 L).
The condition at upstream infinity isu = v = 0. From the condition at upstream infinity, we obtain the
Laplace equation∆9 = 0 over the whole field. The boundary conditions are∂9/∂X = −U df ±/dX at
Y = 0± (06X 6 L) and9 = 0 at infinity.

This boundary-value problem of the Laplace equation has unique solution9, if the difference of the values
of 9 at the origin and at infinity is specified, which corresponds to the circulation around the body. In other
words, the boundary-value problem for the linearized Euler set of equations under the boundary conditions that
v is given onY = 0+ and 0− (06X 6L) and thatu, v, andp̃ approach zero asX→−∞ determines the flow
field except the circulation around the body, which cannot be determined within the framework of the steady
Euler set of equations.

The problem that we are discussing in the present paper is an extension of this example. Let the solution
ω̂h0, ûih0, andτ̂h0 (or p̂h0) of the leading order Euler set of equations be given. From the linearized Euler set
of equations, equations governing the variation of perturbed vorticity and entropy along the streamlines of the
solution of the leading order are derived. The streamlines do not pass the body and they are along the boundary
of the body, since(ûih0)0ni = 0 (equation (109)). The perturbed vorticity and entropy are determined by their
upstream conditions. This is an important point. To make this point clearer, consider the following problem.

(II) Consider an artificial problem. The difference from problem (I) is the position and the property of
the body. A body of lengthL and of zero thickness is set atX = 0 and between 06 Y 6 L. The body
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is assumed to disturb the uniform flow a little. Then from the conditionu = v = 0 at upstream infinity
(X→−∞), we obtain the Laplace equation∆9 = 0 only in (−∞ < X <∞, Y < 0 andY > L) and
in (−∞ < X < 0, 0 6 Y 6 L) but ∆9 = F(Y ) in (0 < X < ∞, 0 6 Y 6 L), where F(Y ) is an
undetermined function ofY. Then we need a condition (or an upstream condition) to determineF(Y ) on
X = 0+ (06 Y 6 L), where the normal component of the velocity of the uniform flow is positive, in addition
to the general boundary condition for the Laplace equation. Further, it may be noted that no additional condition
is required onX = 0− (06 Y 6 L), into which the streamlines of the unperturbed flow go.
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