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Abstract — A steady rarefied gas flow with Mach number of the order of unity around a body or bodies is considered. The general behaviour of the
gas for small Knudsen numbers is studied by asymptotic analysis of the boundary-value problem of the Boltzmann equation for a general domain.
The effect of gas rarefaction (or Knudsen number) is expressed as a power series of the square root of the Knudsen number of the system. A series of
fluid-dynamic type equations and their associated boundary conditions that determine the component functions of the expansion of the density, flow
velocity, and temperature of the gas is obtained by the analysis. The equations up to the order of the square root of the Knudsen number do not contain
non-Navier—Stokes stress and heat flow, which differs from the claim by Darrozes (in Rarefied Gas Dynamics, Academic Press, New York, 1969). The
contributions up to this order, except in the Knudsen layer, are included in the system of the Navier—Stokes equations and the slip boundary condition
consisting of tangential velocity slip due to the shear of flow and temperature jump due to the temperature gradient normal to the(b@0tdary.
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1. Introduction

The study of the relation of the two systems describing the behaviour of a gas, the system of classical gas
dynamics and the Boltzmann system, has a long history (Boltzmann [1], Hilbert [2], Chapman [3], Enskog [4],
Grad [5], Darrozes [6], Sone [7-9], Sone et al. [10], etc.). The first mathematical analysis is the work of Hilbert,
where the solution of the Boltzmann equation is obtained by expanding the velocity distribution function and
the macroscopic variables, such as density, flow velocity, and temperature, in a power-series of the Knudsen
number. In this solution, the velocity distribution function is expressed in terms of the component functions of
the expansion of the macroscopic variables: density, flow velocity, and temperature (or pressure), and a series
of equations for these component functions of the macroscopic variables is given. (The set of equations of
macroscopic variables that determines the behaviour of a gas will be called fluid-dynamic type equations.) The
set of equations appearing at the leading order of the expansion is the Euler set of equations for the leading
terms of the expansion of the macroscopic variables. The fluid-dynamic type equations in the following orders
consist of two parts: (i) the terms that are derived from the Euler set of equations by substituting the expansions
of the macroscopic variables in the Euler set of equations and arranging the same order terms of the Knudsen
number and (ii) the inhomogeneous terms that enter as the contribution of stress and heat flow expressed by
derivatives of lower-order quantities. In this system the Navier—Stokes set of equations never appears. (The
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reason is made clear in Sone [8]; see also Sone and Aoki [11] and Sone [12].) Probably because of this reason,
Chapman and Enskog, independently, developed a skillful expansion, where the velocity distribution function
is expanded, but the macroscopic variables are not, and obtained a series of fluid-dynamic type equations. The
leading set of equations is the Euler set of equations, the second is the Navier—Stokes set of equations, the third
is the Burnett set of equations, and so on. Owing to the derivation of the Navier—Stokes set of equations, the
Chapman—Enskog expansion is mainly referred to when the relation between fluid dynamics and kinetic theory
is mentioned. However, disadvantages of this expansion are also reported. For example, a non-well-posed
set of equations appears after the Navier—Stokes set (e.g., Sone [13]); it shows some unfavourable behaviour
of solution when a boundary-value problem is considered (Cercignani [14]); the order of the differential of
the equations increases as the approximation advances, which introduces problems for the construction of
its boundary condition. Another point, which is not so well noticed, is that the Navier—Stokes set is just a
perturbation of the Euler set. Thus there may naturally arise the question of whether the Navier—Stokes set is
derived directly for the system of moderate Reynolds numbers. These kinds of questions can be made clear
by the Hilbert expansion, without bypassing via the technical Chapman—Enskog expansion, if one specifies the
situation that one wants to discuss, and if the correct ordering of the sizes of the variables is made beforehand.
(See, for example, Sone and Aoki [11], Sone [12].) Incidentally, the structure of Chapman—Enskog expansion,
for which the original articles are not clear-cut and are lengthy, is clearly and briefly explained in Grad [15].

In these two expansions themselves, an initial- or boundary-value problem is not taken into account. A
general theory for initial problems is developed by Grad [5], where the initial layer is first introduced and the
initial slip condition is analysed systematically. The boundary-value problem for the steady behaviour of a gas
for small Knudsen numbers in a general domain is also discussed (e.g., Darrozes [6], Sone [7-9], Sone and
Aoki [16], Sone et al. [10].) In Sone [7-9], the case where the state of the gas is close to a uniform state at
rest is considered, and its asymptotic behaviour for small Knudsen numbers is analysed on the basis of the
linearized Boltzmann equation. The overall behaviour of the gas is described by the Stokes set of equations
at any order of approximation. The boundary condition for the Stokes set and the Knudsen-layer correction in
the neighbourhood of the boundary are obtained up to the second order of the Knudsen number. At the second
order of the Knudsen number, a thin layer with thickness of the order of the mean free path squared divided by
the radius of the curvature of the boundary appears at the bottom of the Knudsen layer over a convex boundary
(Sone [17]). This is due to the discontinuity of the velocity distribution function of the gas molecules over a
boundary (Sone and Takata [18]). The slip boundary conditions up to this order, as well as the fluid-dynamic
type equations, are not affected by the existence of this layer. Sone [8] and Sone and Aoki [16] extended
the linearized theory, which corresponds to the case where the Reynolds number of the system is very small
(Rek 1), to the case where the Reynolds number is of the order of unity, for which the linearized Boltzmann
equation is no longer valid, and the expansion is carried out by taking into account the relation among three
important parameters: Mach number Ma is of the same order as the product of Reynolds humber Re and the
Knudsen number Kn (Ma& Re Kn). The leading fluid-dynamic type equations are the Navier—Stokes set of
equations for incompressible fluids. The next-order equations are the second set of equations of the Mach
number expansion of the Navier—Stokes set for compressible fluids with an additional thermal stress term in
the momentum equation owing to a rarefaction effect of the gas. The boundary conditions for these sets are
the nonslip condition for the incompressible Navier—Stokes set and the slip condition consisting of tangential
velocity slip due to the shear of flow and the temperature gradient along the boundary and temperature jump
due to the temperature gradient normal to the boundary for the next-order set. It should be noted that the
slip condition alone for the Navier—Stokes set is not sufficient to obtain the correct first-order effect of gas
rarefaction. The restriction imposed in this work that the variation of the temperature of the boundary be
small (or the same order as the Knudsen number) is eliminated in Sone et al. [10], where an important
result, which shows incompleteness of the continuum gas dynamics (classical gas dynamics), is derived. The
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above-mentioned works on the boundary-value problem are limited to small flow velocity (or a small Mach
number). Darrozes [6] considered the case of a finite Mach number. He claimed that the behaviour of the gas is
conveniently described by splitting the domain into three regions: the overall domain described by Euler-type
equations, the viscous boundary layer in the neighbourhood of a boundary, with thickness of the order of the
square root of the mean free path, and the Knudsen layer at the bottom of the viscous boundary layer with
thickness of the order of the mean free path. One of his main conclusions is that the boundary-layer equations
describing the leading effect of gas rarefaction contain terms that are not contained in the Navier—Stokes set for
compressible fluids. Incidentally, when a finite Mach number is mentioned, one may think that this is a general
case that covers a small Mach number case. This is not so in the case of small Knudsen numbers, because a
finite Mach number means a very large Reynolds number owing to the above-mentioned relation among the
three parameters. Thus, a finite Mach number is, rather, a special case to be treated separately.

Darrozes’s work, though pioneering, is simple, and the systematic system of formulas, as well as a course
of analysis, that is required to understand the theory and to apply it to concrete problems is not given. Thus
we reconsider the problem and develop a complete asymptotic theory of the boundary-value problem of the
Boltzmann equation for small Knudsen numbers, where the viscous boundary-layer equations are derived
directly, not as a perturbation of the Euler equations. Some important results as well as a systematic set of
formulas, which are not described in Darrozes [6] and even disagree with his main statement, will be shown in
the following analysis.

2. Problem and basic equation

We consider a rarefied gas in a general domain except that the shape of the domain is smooth. The boundary
of the domain is a solid boundary through which there is no mass flux, and the characteristic speed of gas flow
compared with the sonic speed is of the order of unity (or the Mach number is of the order of unity). We will
investigate the asymptotic behaviour of the gas when the mean free path of the gas molecules is small compared
with the geometrical characteristic length of the system (or the Knudsen number of the system is small), and
try to find the fluid-dynamic type equations and their associated boundary conditions. The analysis is carried
out under the following assumptions: (i) the behaviour of the gas is described by the Boltzmann equation;
(ii) the gas molecules make the diffuse reflection on the boundary. (The extension to a more general condition
is noted in the course of analysis.) In the following analysis we use nondimensional variables characterized by
the equilibrium state at rest with densjty and temperatur&, (thus, pressurey = RpoTo; R: the specific gas
constant or the Boltzmann constétdivided by the mass: of a molecule).

The Boltzmann equation for a steady state is written in the nondimensional form:

00 1. .
Gi o kJ(<I>, ), 1)
where (2RTy)Y?¢; or (2RTp)Y?¢ is the molecular velocityx; = X;/L (X;: the space coordinateg,: a
characteristic length of the system)(2R 7o) %2 is the velocity distribution function of the gas molecules,
k= mKn/2 = /mly/2L (Kn: the Knudsen numberly: the mean free path of the gas molecules in
the equilibrium state at rest with pressupg and temperaturdy. For a hard-sphere molecular gdg—=
m/ﬁnd,f,po, whered,, is the diameter of a molecule.), arf(d@, <T>) is the collision integral.

The collision integral is expressed as

T = [0 + 0 — b — d0) Bl €0 — )], 12, — ¢]) d2(a) . @
2
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P=0@), ¢.=0&), ¢ =0, ¢.=0¢(L,). etc,

C/:C-i_a[a(C*_C)}’ C;ZC*_‘![“(C*_C)L dC*: dé-l*d§2*d§3*a (3)
whereB is a nonnegative function determined by the type of the intermolecular potenila unit vector,
dQ (@) is the solid angle element in the directionegf¢, is the variable of integration correspondinggtoand

the integration is carried out over the whole space @ind that of¢,.. For a hard-sphere molecular gas, the
function B is given by

=la- (&, —0)|/42m)Y2 4)

Further it should be noted th# for a gas with a general intermolecular potential depends on the parameter
Uo/mR Ty, WhereUy is a characteristic magnitude of the intermolecular potential. (See Sone and Aoki [11]).
In this paper this fact is simply to be remembered.

The diffuse reflection condition on the boundary (oxat x,,;) is expressed as

_ 5, (& — i)
o= (JTT )3/2 exp< f7> (glnl > 0) (5)
=2 /= / gn;®de,  de=dg dg,des, (6)
TU) {lnl<

where n; is the direction cosine of the normal to the boundary, pointing to the gas re@@&my)/?i,,;
(uyin; = 0) is the velocity of the boundary, anthz, is the temperature of the boundary. The condition
iyn; =0 is required for the system to be steady.

The macroscopic variables of the gas, the dengitgr pow, the flow velocity v; or (2RTo)"?i;, the
temperaturel’ or Tpt, the pressure or pop, the stress tensagp;; or pOP,], and the heat-flow vectay; or
Po(2RTy)Y2Q;, are expressed b:

b= / dde, (7a)
oil; = / dde, (7b)
—m _/@, _4,)%dde, (7¢)
p =0z, (7d)
P\ij=2/(§i_ﬁi)(§j_’2j)&sdc’ (7e)
0, = / (& — i) (¢ — )?® e, (7)

where the integration, and in what follows unless otherwise stated, is carried out over the whole gpace of

For the Boltzmann—Krook—Welander model or BKW model (Kogan [19]), the collision integal ®) is
expressed as

~ ~

7(®,8) = o(d, — ), (8)
where®, is the local Maxwellian corresponding @:

~ ® (i —ﬁi)2>
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We will investigate the asymptotic behaviour for smialbf the solution of the boundary-value problem of
equation (1) with equation (5) in a general domain.

3. Asymptotic analysis
3.1. Preliminary

Our previous asymptotic analyses for small Knudsen numbers of the boundary-value problems of the
Boltzmann equation for a general domain are carried out in the following way. First a solution whose length
scale of variation is the characteristic length of the system is obtained by a modified Hilbert expansion. The
adjective ‘modified’ is attached, since in the analyses, first the situation to be considered being classified
clearly and the size of the parameters characterizing the system being determined, then the relative size of
the Knudsen number and the parameters is taken into account in the analysis (or expansion). The Hilbert
solution is determined by the behaviour of the macroscopic variables, density, flow velocity, and temperature
(or pressure). These variables are governed by a set of equations called fluid-dynamic type equations. The
solution thus obtained does not generally satisfy the boundary condition on the boundary (on the level of the
velocity distribution function). Thus, a correction (Knudsen-layer correction) is introduced. From analysis of
the Knudsen layer, the boundary condition (or so called slip condition) for the fluid-dynamic type equations
as well as the Knudsen-layer correction is obtained. We will generally follow this procedure in the following
analysis.

The case with a finite Mach number and a small Knudsen number that we are going to investigate corresponds
to a case with a very large Reynolds number, seen from the general relation among these three parameters:

Max ReKn (20)

(This relation is sometimes called von Karman relation but its exact relation including numerical factor has
had to wait for a rigorous analysis such as the present one.) According to the analysis of the Navier—Stokes
set of equations for a high Reynolds-number flow around a body, the flow field is split into two regions of
different characters: the Prandtl boundary layer in the neighbourhood of the boundary, where the viscous effect
is important, and the region outside the layer where the behaviour of the fluid is determined by the Euler set of
equations. In view of this behaviour of solutions of the Navier—Stokes set of equations and with the expectation
of the resemblance of the behaviour of a gas of small Knudsen numbers to that of the Navier—Stokes system,
an intermediate region will be introduced between the two regions: the overall region and the Knudsen layer.

3.2. Hilbert solution

In this subsection, we consider the case where an appreciable variation of the state of gas occurs in the
distance of the characteristic lengthof the system (or where the length scale of variation of the variables is of
the order ofL), i.e.9®/dx; = O(®). The asymptotic solution for smalldescribing this situation is the well-
known Hilbert solution (Hilbert [2]), which is obtained by a power series expansiaruimder the assumption
8@/8)@ = O(®). In the analysis of the following subsection, where the adjustment to the boundary condition
is considered, we encounter a series expansion in the square koaraf therefore we will rewrite the Hilbert
solution in a power series afk. Here we introduce the notatien

e =Vk. (11)
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The Hilbert solutiond?H is now rewritten as follows:
$H=&>h0+&5h15+”', (12)

where the subscript is chosen to discriminate the components of the present expansmn from those of the
original Hilbert expansion. Correspondmgly, the macroscopic variablesitiy, Ty, pu, Piju, and QZH
defined by equations (7a)—(7f) with= & are also expanded as

le=fAlho+fAlh18+---, (13)

wherehy represents any of the macroscopic varialaes ii;;, Ty, etc. By substitution of equation (12) into
equations (7a)—(7f), the component functigy, of & is expressed in terms of moments®f, (n < m) (note
the nonlinearity of equations (7b)—(7f)):

o= [Biock, (142)
Opollino = /é“i D002, (14b)
3. . R oa
5®@n0Tho = /((j — U jp0) Ppodg, (14c)
Pho = ®poTho, (14d)
Pijno= 2/(51' — 040 (&) — 1 jn0) Pro L, (14e)
Qino = /(Q — ino) (¢ — ’/A‘jhO)ZEIShO dg, (14f)
o= [Bdk. (15a)
noftin = [ (&~ o) Bin &g (15b)
3. . . > 3, ]=
S®@notny = / [(é“j —Ujpo)” — tho] ), dg, (15c)
DPn1 = On1Tho + ®poTh1, (15d)
ﬁijhl = 2/(9‘ — Wino) (g — ﬁjho)qA>h1 de, (15e)
~ R R ~ 3. . ~ .
Oin1= /(é“i — 0i0) (&) — 0 j40)° Pp1 dC_EPhOMihl — Pijnol jn1, (15f)
IES /33}:2 dg, (16a)
Opolting = /(Q — 11140) @p2 A —@pafiina, (16b)
3. . . 2 3. ]a 3. . A
S@h0Th =/ (& —ujno) — 5o ®j2d¢ — éwhlthl_zwhouihluihL (16c)

P2 = Op2Tho + Op1Th1 + ©roThe, (16d)
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Pijp2 = 2/(Ci — 1in0) (&j — U jno) Ppo A& — 20p0tlip11 jp1, (16e)

~ . . ~ 3 . . A ~ . ~ .
Oinz= /(Q — 0i0) (¢ — 1j50)* P2 dC_E(phluihl + Prottin2) — Pijn1tt jnr — Pijrott jr2.  (16f)

Substituting equation (12) into equation (1), we obtain the following integral equations for the component
functions®,,, im =0, 1, ...) of the velocity distribution functiorb

J(®no, ®po) =0, (17)

JA(CBho, ®j1) =0, (18)

— 2 = T (Phts Phnt) (= 2). (19)

A comment is required here for the case of the BKW equation. The collision term of the BKW equation is not
quadratic, and therefore its expansion is more complicated than that shown here. The left-hand side operator
27 (P, %) corresponds to the collision operator linearized around the Maxwaetlign but the terms on the
right-hand side are more complicated and should be taken as the symbol of the term of expansion at this
order as a whole. This comment applies to the whole discussions in the other sections as well as this section.
For example, the left-hand side operatof@vo, x) of equation (43) corresponds to the collision operator
linearized around the Maxwelliadyo (see, e.g., (A4), (B15)), and tHE term on the right-hand side of
equation (45) is taken as the symbol. Further comments will be given for important results at each place.

The solution of equation (17) is Maxwellian:

a\)ho _ Who exp( & — uzhO) ) (20)

(7 Tho)%/? Tho

The homogeneous linear integral equation (18) has five independent sol@iign®;,0¢;, and ihogf. Thus,
®,1 is expressed as (Grad [15]; Cercignani [14])

. 20 R 7 —h0a0% 3
By = <Dh0{ Dp1 uzhl({z Uin0) i 'fhl {(é“] Aujho) _ _] } 21)
Dpo Tho Tho Tho 2
Then, the sum@ho + ECTDhl can be written in a Maxwellian form as follows:
~ ~ Do + Ep1 [¢i — (lino + Sftihl)]z) 2
0] D)= - O(e9). 22
o B 3/2(Tho + £Tp1)%/? p( Tho + €Tn1 +0(%) (22)

The Hilbert solution of equation (1) is naturally Maxwellian up to the ordet. of

Equation (19) is an inhomogeneous linear integral equatiomfgr (m > 2). The homogeneous equation
corresponding to equation (19), which is the same form as equation (18), has five nontrivial sofytions
®,0¢;, and d>h0§ Thus, the inhomogeneous term (s&¥,,) of equation (19) should satisfy the following
solvability condltlons for equation (19) to have a solution:

/<1¢,,c>1hmdc /(14,, 2,0 ’““dc 0 (m>2), (23)
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where the contribution of the collision integral vanishes. From the symmetry relation of the collision integral
(Grad [15], Sone and Aoki [11]), each term in the summation of (19) vanishes on integration.

Equation (23) being satisfied, the solution of equation (19) is expressed in the form:
Dy = CT>ho(Cmo +cmili + Cm4§j2) + W (m=2), (24)

where\ffhm is the particular solution of equation (19), angh, c,.;, andc,,4 are undetermined functions of

and related to the macroscopic variabs,, i, andz,,. (These variables are determineddyy, c,;, and
cna (n < m).) To make the expression of the relations explicit without knowdng, the following orthogonal
relations may be imposed:

[ @& e2) o, ds =0 (25)
From equation (23) witlm = 2, the following Euler set of equations is obtained:
a" ”
WhOU{KO —0, (26)
8Xi
~ A Oiipo  13ppo
ho—— + = =0, 27
WhHoU j50 8xj 2 8)6,' ( )
Ao 0 [, 5,
whO”ﬂlOgj (uizho + QThO) =0. (28)
From equation (23) witlm = 3, we have
0 5 Ai 5 Ai
(@pottin1 + On1ttino) _ 0. (29)
8x,~
A1 717 N~ Ol 13pp
, 4 L) — =0, 30
WRoU j10 5%, + (wpot jn1 + @p1t jr0) ox; 2 ox, (30)
Dholl 8<2AA +5A>+<AA +AA)8<A2+5A> 0 (31)
wpoU ino— | 2U;nolt; =T WhHoU ; wp1l o) — | U =T = 0.
hO jhOaxj hO%ihl 2 hl hOU jhl h1l jh0 axj ih0 2 hO

We can proceed in a similar way with the information f,,. Naturally the two sets of equations, (26)—
(28) and (29)—(31), are derived from the Euler set of equations obtained by the original Hilbert expansion
by re-expanding in the variabke In solving equations (26)—(28) or (29)—(31), we have to use the additional
conditions (14d) or (15d). This note will not generally be repeated in the following discussions.

The stress tensap; inm and the heat-flow vecto@ihm are expressed by the macroscopic variablgs i;,,
and 7, (or p,,) with n < m, their derivatives withhm < m — 1, since the velocity distribution function is
expressed by them. Corresponding to the fact that the velocity distribution function is Maxwellian up to the
ordere, we have

~ ~

P;jno = prodij, Pijn1 = pnidij, Qino=0, Qin1=0. (32)

The distribution function (up to the ordei) can be made to satisfy the diffuse reflection condition by
taking ;0 = i, Tho = Tw, tip1 = 0, and 7,1 = 0. However, these conditions are too strong for the two



Y. Sone et al. / Eur. J. Mech. B - Fluids 19 (2000) 325-360 333

sets of equations, (26)—(28) and (29)—(31), to have solutions. (Note the condjtion= 0 mentioned just
after equation (6) in section 2.) Thus, we look for the solution of the boundary-value problem by relaxing the
restrictiona®/dx; = O(®) on the Hilbert solution.

3.3. Viscous boundary-layer solution

In the system where the Knudsen number is small, a flow whose Mach number is of the order of unity is of
a very high Reynolds number. In such a flow of a gas governed by the Navier—Stokes set of equations around a
solid boundary, there appears a thin layer, called the viscous boundary layer, adjacent to the boundary. In this
layer the variation of the state is strongly anisotropic, that is, the length scale of the variation in the direction
parallel to the boundary is of the order of the characteristic lehgtiut in the direction normal to the boundary
it shrinks by the factor of the inverse of the square root of the Reynolds number or thesfactor

In view of this fact, assuming a similar situation, we will analyse the behaviour of the gas in the

neighbourhood of the boundary, to obtain the correction to the Hilbert solution discussed in the previous
subsection. For the convenience of the analysis near the boundary, we introduce a coordinategygtem:

x; = eyn; (x1, x2) + Xwi (X1, X2), (33)

wherey = 0 is the surface of the boundary, thecoordinate (normal coordinate) is stretched By,land x;
and y, coordinates are taken to be orthogonal to each other on the boundar@)( The unit vector in the
direction of they, coordinate there will be denoted kﬁi) (¢ =1 or 2, which is a function of the two variables
x1 andx. For definiteness, the sef”, 1®, n;) is taken to form a right-hand system. Thus,

1

o dx : Ixa) (9
= (FE) g8 (5e),(F),=0 @ro .
i t t

where, and in the following analysis, the quantities in the parentheses with subscript O are evaluated on the
boundary (or ak; = x,,;), and the summation convention is not applied to the subscript (or superscapf
related toy, coordinate system. For simplicity,, s will be used for,” (8 x,./8x:)o:

dx
wp =022, 35
Xa,B i (8 i>0 ( )

wherey, s = 0 for o # B. In this coordinate system, the Boltzmann equation (1) is rewritten as follows:

1 9d Ix1 0P dxp 9D 1. -
122 (ﬂ_ Xz_) = (@, ). (36)
£ dy ox; 0x1  0x; 0x2 £

The solution expressing the behaviour of the gas in the [@erL)] is looked for in a power series of
Dy = Dyo+ Pyie + Pyoe? + -, (37)

where the subscripl’ is attached to discriminate the type of solution. Corresponding to this expansion, we also
expand the macroscopic variables, it;v, Ty, py, P;jv, andQ,y:

hy = hyo+hyie +---, (38)
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wherehv represents any of the macroscopic variables. The relation of the component funggiar /2, and
vy, (n <m) is the same as that &f,,, and®;,, (n < m) (or is obtained only replacing the subscripby V).

In the following discussion, the relation is quoted by attaching the subsériptthe corresponding relation
between,,, and®,,, (equations (14a)—(16f)).

We introduce some notations for economy of space in the following analysis. The Maxwellian distribution
with the macroscopic variableésy, ii;y, and?y is indicated byd,y, that is,

A _.)2
C/I\)ev — C:)V exp(— (é‘z Auzv) )’ (39)

(mwty)32 Ty
and its expansion in, obtained by the substitution of the expansion (38), by
EIS@V = EISeVO"'SC/I\)eVl'1'((32</ISL’V2"' (40)

Some of the explicit forms ob,v,, (m=0,1,...) are

=~ C"\)VO (é‘l - MIVO) >
dvo=—>= 0 £(f 41
~ ~ [ovi | 2 —divo) vy Tva (& —divo)® 3
<D6V1 = q)EV0|:A— ~1/2 ~1/2 + A </\7 - _):|
wvyo o Tyo  tvo Tvo 2
Wvo A divi Ty1 3
[ (Ge) va( )i+ (22) (2-3)) s
’fv03/2 « wvo t%z ‘ vo ¢ 2 (418)
where
EG; 1 - (Gi—divo) = =
&)= 3/29Xp( z?), Q_T/oz’ =&
v

It is noted that a moment @b, ,, with respect ta; is calculated faster by taking the momentdyf, and then
expanding it ine than by finding higher ordeb,y,, and then taking the moment. Thus the lengthy expression
for explicit form of @,y is not shown here.

We substitute the series (37) into equation (36) and arrange the same order terrirstims process, the

quantitiesd x1/dx; andd x»/dx; are also expanded in the power serieg pince they are slowly varying in
the variabley. Then we obtain the following series of integral equations®et, :

J(®vo, Pyo) =0, (42)
Jd
27 (&yo. Jva) = Gim == (43)
S, SO Jd 3 L) ) P
2J (®yo, Pyz) = —J (Py1, Py1) + (ini—Vl + & [< Xl> o 4 ( Xz) vo} (44)
dy 0x; /o dx1 0x; /o dx2

) ~ -
~ s A S~ o Iy dx1\ 9Pv1 dx2\ 9Pv1

2J (Dyg, ® =— J(Dy;, @ +¢ni——— +§'i[( ) +( ) ]
(®vo, Pyvs) ; (Pyi, Pra) 3y ox )0 ne o5 ) o0
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32 L) 32 P
-I—y{,'an X1 ) vo+< X2 > vo} (45)
0x;0x; /o dx1 0x;0x; /o dx2

The solution of equation (42) is the Maxwellian:

~

Dyo=D,yo. (46)

The equations fordy,, (m > 1) are inhomogeneous linear integral equations whose homogeneous parts
are of a common form. Their common associated homogenous equation has five independent solutions:
Dyo, Dyoli, Pyos?. Thus, the equation foby,, (m > 1) has a solution only when its inhomogeneous term

I h,, satisfies the following conditions (solvability conditions):

/ (1,6, £ 1hy 0 =0 (m > 1). (47)

Here, as explained Ln section 3.2, there is no contribution foomerms in Ih,,. When the conditions are
satisfied, the solutiody,, is expressed in the following form:

EISVm = EISVO(cmO + cmiCi + Cm4§j2) + (I}Vm (m = 1)7 (48)

wherec,,0, cni» andc,4 are undetermined functions ¢f, and y, and Uy, is a particular solution of the
equation.

Before proceeding to the analysis ®f,, (m > 1), we will make a short detour through some discussion
of the boundary condition to save some manipulation. The leadingdgrgrof the expansion (37) is made to
satisfy the boundary condition (5) by assigning the boundary valugs,etindzy as follows:

Uivo = Ui, Tyo=1y, aty=0. (49)

Now we return to the discussion df,,,. From the solvability conditions (47) witlh = 1, where

9P
Thy=gini——2, (50)
dy
we obtain
J . .
a—(wvouivoni) =0, (51)
y
95
Pvo _ 0. (52)
dy

and the other three relations are reduced to identities with the aid of the following equation (53). From equations
(49) and (51),

wjvon; =0, (53)

and from equation (52);y is a function ofy; and x, only, i.e.

Pvo= pvolx1, x2)- (54)
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When these solvability conditions are satisfied, the solution of equation (43) is expressed in the
following form (Appendix A):

S 1 3v0> ( -azvo>(~~ S ) PN
by =, n,AC)E — | = L — —=36;; | B()E(L), 55
V1 Vi — (362 ay {n (é‘) ({) T\%o ay {{] 3 J (é‘) (é‘) ( )

where A(Z) and B(Z) are functions off andty, defined in Appendix B as solutions of integral equations
related to the collision integral. There is no contributiong:é&j/s to the third term in equation (55), since
fivon; = 0. This kind of term will be eliminated without notice in the following analysis. The functié )
and B(Z) are studied by Ohwada and Sone [20]. With this forn®g#; in the solvability conditions (47) with

m = 2, we obtain the following set of equations:

J . . 2 Bc?)voﬁivoti(a)
<Xa o 5.

5(wV0”iVlni) =- Z "

- (—1)a83a65v0ﬁivofi(a)) ) (56)
a=1

812'V0t'(a) 2 B) aﬁ'vot-(a) (B3—a)

A A 1 A 1 A —

wyo Mleanl + Zukvolk <Xﬂ,ﬂ871 + (=D *gpiiivot;” * >]
y f=1 XB

1 9pyo 190 A1/23szol( )>

A AL Jivohi ) 57
pXae e =T 5% (”1 Vo Ty (®7)
19p o
E 8_)‘)/1 = _wVOZ Koz 1V0t + l?lxt,v()t( )M]VOt(3 ))a (58)

3 af\/o 8fv0
2wv0<ujv1n, 2y +Zukvol‘k Xocaaxa

a=1
2 (o) ~
. dllkvoly o Oy 1y
= —Pvo Z <Xaoc . + (=) galivoty’ )> + #]
— 0 Xa dy
Ayt 59 9t
1/2 kvoly 50 [ .120Tv0 59
+ Y1Tyo Z (73}1 > + 4 8y <V2 Tyo 8 > ( )

For these equations the following should be noted: firstly, equations (57) and (59) are not the forms derived
directly from the solvability conditions; the former is deformed with the aid of equation (56), and the latter with
the aid of equations (56)—(58), to make them in a form more familiar in the classical fluid-dynamics. Secondly,
ks, &a, @ndd, are determined by the geometric properties of the boundary surface apdtioerdinate curve

on it:

3t 3 33
Xa,ocl— =Kol — (_1)agocti( —a), Xa,a = (_1)a(_l9ani + gati(a))a
0 X 0 X
an; o —a
on,a—l = _Kati( ) + (_1)0(19011[(3 )v (60)

0 X
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where k., g., and ¥, are, respectively, the normal curvature, geodesic curvature, and geodesic torsion,
multiplied by L, on they,-coordinate curve (Cartan [21]). In the present case, whgead x, are orthogonal,

1
E=§(K1+K2), V1=—02=1, (61)
wherei is the mean curvature, multiplied ly, of the boundary. Lastlyy; and yz are functions ofyq defined
in Appendix B as integrals of function$(Z) and B(¢). They, multiplied byrvo , are related to viscosity and

thermal conductivity of the gas at temperattyg. For example,

=1.270042427 y,=1.922284066 (hard sphete) y1/to =1, ya/tuif =1 (BKW). (62)

Equations (56)—(59) being satisfied, then the solution of equation (44) is given in the following form
(Appendix A):

Q0

= By — ( ni Ot ) ADEQ) - (”" af’"”) (*._55..)3050
V2— YeV2 ‘ES/Z 8y é‘z { § f\%o 8y {l{j 3 ij { {

n (fl iivi 3Tv0> < A(é“)E({)

+A<§>E<o5,,>

Tvo

¢
nTv13fvo) (g A(;)E(o
2 o

JA(O)E
( i +3AG)EE) - tvo %)
ou; 0B(O)E
("féf!l ””’)( éj (5) <§)+<a ,Hg&»B(;)E(;))
(Vl iTy1 8”/V0> { <£ B(E)E(é’) +3BEYVEE) — 2vg 3B(§)E(§)>
2 aé' aTVO
DJVOA E szO 4:2 BIOVE(F
- 5/2 {j (é‘) (é‘)_ Tvo {1{] j ({) ({)
1 9%ty O - b~ -
+m8—y2[ninj(§i§j—551'1')31(()15({)-1-/\/ ({)E(C)]
g (o) o (88 - S ) marE @ 4 4 D)
Zﬁvof\%z( By nin;| gg; 3 0 2($)E(C) (O)E(©)

nin; 3%lrvo
Pvotvo 9y%

nin; 3Tv0 3ukvo
ﬁvof\%o dy

nin; digyo 8szo

A A3/2
pVOfvé) dy

(GO T OEQ) + 80T EQ)]

(G OGTE QO EQ) + 80T (0 E©)]

(68868 Qa(C)EQ) + £i¢ 81 Q3(0)E(Q)

+ 8,65 Q2(0)E(C) + 8;;8uQ1(0) E(0)], (63)

0 0 0 0
Di:( Xl) _+( Xz) o
0x; /00 x1 0x; )00 x2
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where the definitions 0B1(¢), 7;4(¢), Q1(¢), etc. are given in Appendix B, together with(¢) and B(¢).
With this form of @y, in the solvability conditions (47) witl: = 3, we obtain the following set of equations

0 3(Gvoitivat,™ + dyattivot®)
—(wvouzvznl + dyaiiyang) + Z Xeva ' '

= 0 X

— 2K dyollivin; — Z( 1)%gs- a(wvouzvﬂ +wv1uzvol( ))
a=1

~ N ~ A 3—a)
360\/0”'\/01'(“) 8a)vou'vol-(
+ Z y (KU(XO[,D(% + ﬁXc{,a#)
a=1 aX“ 8on

2

- Z(_l)ay(KS—ag3—a + l?ga)c’l\)voﬁivol‘i(a) = O,
a=1

aﬁivlli(a)

~ ()
o A A 8uiVOZ[
wyoll jy1n j————— + (@yolt jyon j + wy1ljyin j) —
ay dy
~ (@)
314,"/11‘1»

8)(/3

A

2

3—
-I-Z voujvol‘ X/S/S — Oyolliyin; (K(XM]VOt + Oty l‘](- a))
f=1

+ (=D~ wvo”,vﬂ <Zg/3qu0t )

2 Dol
1
+ Z yoll j v1l = y1il j vol )Xﬂ P

8)(/3

+ (= 1)auzvof (Zgﬂ a)voujvﬂ +a)v1l4 vol(ﬂ))>
p=1

aﬁ'vo[-(a)
-I-Zywvo Kﬁujvot +19u, ol‘ ﬁ))Xﬁ,ﬁé
8)(/3
p=1
2

+ (=D)%yovo < > (kpgp + ﬂg3—ﬁ)’2iV0ti(ﬁ)> it jyot; ™
p=1

1 9pvi 1 dpvo dpvo
= —5Xa — 3V Ka X + 19)(3705 3—«
2 0xe 2

0 X , X3«
19 [ A1/2<3ﬁiv1l(
0

dy 22 94 t(a)
(@) (3 ) ~ U vo ivo
<Uivol; Y T
+ 29y Y1Tyo + kqllivot; + Dty )-1— Vi R 3y
1 A1/2[ ditiyot,” 3ﬁivoli(3_a)]
— =T 26 + K4 D ,
2)/1 vo | (2K +Kky) 3y + 2y

diljy1n;
ZwVOM]VOt Xa,a + Kol lVlt + 19”
9 Xa

—a) A A ujyin;
) + wyoltjyin;
dy

(64)

(65)
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2

+Z (a)voujvlt + oyl vol( ))(/caulvot( )+ Diiivo (3 a))
a=1

3-
+ya)voz Kollivot,™ + O iyot, “))
a=1

_ 1apye }i{x
2 ay 20(=1 “C 9 X

20 12| Odjyan; 1 < 3szol‘( ~ (G-a
a 5 o0 -1 aUivol;
-1-38 {Vlvo oy 25 X o + (=1)%galtivo

ol vol: (@) ou t( @)
~1/2 VOt ~1/2 VOt
<y1 S2TVOH >+(—1)“gay1 s 87}

1 97 . 0%y 3o\l 9 [ys— 2y i ; Voz( )
{stvo ‘; +)/7< . ) ] Z( ’ > (66)
~ 3pyody dy dy 3y | 3dvo = dy
3 0Ty 1 dTyo @0Tv1
Doty — + @yl jvan; + Gyil jyin ) = + dyoil, voz Xeal]
2 dy dy 9 Xa
32 e 0TV0
EZ . a)vou]vﬂ +60v114]vol +y60v0(/<aujvol +diljvo (3 ))}a—v
= Xa
. |0 yon 2 3t jyt\” . o A
= —pyo| — + Z <Xa,a# - (—1)a83—aujv1l‘,(- )> —2Kkujyin;
dy = 0 Xa
o ; VOZ( @) ou 'Vol‘(-sia) R o
+ Zy<K06Xa agT + ﬂXa,ajafj - (_1)a(K3—ag3—a + ﬁga)ujVOt]( )>
— o o
n ou 1n U j VOZ( @ o ~ o
—pvi ]V L Z ( 7J (=D gs—aujvotj(- )>
0 Xa
~1/2 814Jvlt( @ (3—a)
+ Z |:2)/ Tyo <T +Ka1/tjv()t + l?lxt] ; )
-1
R d)/lf&{)z 3ﬁjvol‘](-a)] 3ﬁivoti(a)
Tvi—
dtyo dy dy
59 A1/23Tv1 . d)’zfvo afvo) S_ A1/23Tv0
-— T 67
Jr4ay(y2 oGy TG ey ) T 2€1PTVe Ty (67)

whereys, y7, vs, andyg, as well agy, andys,, are functions ofty o defined in Appendix B.

The series of equations obtained from the solvability conditions (47) constitutes systems of equations that
determine the component functiofs,, , it; v, Ty, andpy,, of the macroscopic variablés;, i;v, Ty, andpy .
That is, equations (51), (52), (57), and (59) with equation (56) detertwnieii;vo, Tvo, and pyo; equations
(56), (58), (65), and (67) with equation (64) determineg, i;v1, Ty1, and py1. We can obtain the higher-order
equations in a similar way. Corresponding to the degeneration of three relations in the solvability conditions
(47) withm = 1 to identities, the arrangement of equations from the solvability conditions is staggered, but it
is consistent. In the leading systegm = 0), we already have the boundary condition (49), so called non-slip
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condition, on the boundary = 0, with the aid of which equation (53) is obtained. In the next subsection, we
will discuss the boundary condition of the next systeimn=1).

The expressions df’UVm and Qleby Oy, Uivn, andty, (Or py,) (n < m) are

PijVO = pvodij»
. . . it jyot' ™ .
o o ~1/2 Vo o o
Pijyinin; = Uv1t( 1 = Py, Pile”itj(- ) = —Vlfv/o JTJ, Pijva t( ) (3 '=0,
-~ R 4 ~1/2 3ujv;|_l’lj 1 2 ( 3I/Atjvol‘(-a) R (3—
Pvonin: = — T S-S 7]-{-—10‘ Uivol: a))
ijv2rrt; Pv2— 3)/1 VO 3y zaz::l Xa,a aXa ( ) 8a JjVot;
2 n 32fvo 3f\/0 2 2()/3—2)/9) 2 3121-\/01‘(-&) 2
+ 5= {stvo +V7( ) ]+ = ( - ) )
3pvo dy? dy 3ovo az::l dy
= 2 q20Ujy1n ~1/2 3t jyor . 3
PZJVZZ( Vi - P 2+ 3V1fV6 # - 2)/1‘5‘/6 (Xa,aﬁ + (_1)agaujV0tJ(' 01))
2 s 2 90 Vot(ﬂ)
+ §V1Tv/0 Z (X/S /3]7 + (= 1)ﬁg,3M]V0t( ﬁ))
p=1 9xp
1 { n 32‘1,'\/0 3fvo 2 2)/8 8I/Atjvol‘j(-a) 2
g (200 2 Bt
3pvo dy? dy wyo dy
n 2(y9 — 2y8) 22: (3M]vot(ﬂ))
3&)V0 p=1 ay ’
Pyjyonit® = A1/2<a”JVlt( N T it ivot@ 4 0 t<3—a>> . Ayt 0 vor)”
Vol — ——— 4Kyl vol; uivol; -7 ,
ijv2 YiTyo jvol; jvol; %41 RS 3y
D () (3 @) _ 1/2 2 a’/‘jVOl‘ 0 B B) 2)’8 aulvol‘ 3ujvol‘( —%)
Puvzl V1 Tvo Xﬂ,ﬂai —(=D"g ﬂujvot + — 3 3 (68)
B=1 XB yo y y
~ ~ 5 L120Tvo 4
Qivo=0, Qivin; = —ZVZTV{) > QiVlti(a) =0,
dy
~ S/ .120Ty1 dy2tvy afvo)
ivani = —— | Volyo ——— +71T o
Oiv2 4<V2 Vo gy o By
. 5 3t 20 0%yt ™ Ayro 0Tvo 0itjvot™
QiVZti(a) =2 f%zxaa V0 n )/3A 40) V(;, AVlO VO vol; ’ (69)
4 2wy dy wyo Yy dy

whereyyo, as well asy;, v», etc., is a function ofy o and is defined in Appendix B.

The terms with the factaop, in P. jvm are the viscous stress given by the Newton law, and the terms with factor
v2in O,vm are the heat flow by the Fourier law. Thgf%z andy, are, respectively, the (nondimensional)
viscosity and thermal conductivity of the gas, amddylrvo /dTyoin P; jve and fvldyzf%z /dTyoin inz are
due to their temperature dependence. The complicated forms (68) and (69) are due to the curved coordinates
and the dependence of the viscosity and thermal conductivity on the temperature of the gas. The other terms

are due to non-Navier—Stokes stress and heat flow. Among them, the terms with/faataty; in the stress
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formulas are called thermal stress. The stress tensor and heat-flow vector up to the second oﬂaﬁfg i.e.,

and Q;v», contribute to equations (65)—(67), that is, the informationdeh is required to derive equations
(65)—(67). However, only the;, andy, terms contribute to equations (65) and (67). As we have discussed,
these equations, (65) and (67), determing, i;v1, Ty1, and py;1 with the aid of equation (64). That is, these
variables (thus®y; with the aid of equation (55)) are determined by the equations without non-Navier—Stokes
stress and heat flow, which disagrees with the statement of Darrozes [6]. Incidentally, equation (66), one of the
equations that determine the next-order macroscopic variables, contains non-Navier—Stokes terms.

3.4. Knudsen-layer solution and slip condition

The boundary condition (5) is matched with the first te@mo by imposing the nonslip condition (49).
Therefore, the higher order terd,,, (m > 1) should satisfy the same form of condition as equation (5), with
® in 6, replaced bycbv,n, for the solution®y to satisfy the boundary condition. However, the solutdp
does not have this freedom. In fact, the functional forndgf;, as a function of;, is different from that of
the boundary condition owing to the second and third terms of equation (55). These two terms are already
determined by the macroscopic variablegg, Ty, dTyo/dy, anddii;yo/dy obtained from equations (14d)
(54), (56), (57), and (59) under the boundary condition (49) &t0 and that aty = oo to be discussed later,
and they generally are not zero. Thus, we cannot construct the solution satisfying the boundary condition at
y = 0 with ®,. This can also be seen by the fact that equation (36)bferis of a singular type, where the
differential terma/dy is, in practice, multiplied by the small parameteitn view of this character of equation
(36), we assume that the state of the gas varies appreciably in the direction normal to the boundary over the
distance ofy = O(e) in the neighbourhood of the boundary, and try to find the solution of the boundary-value
problem by modifyingdy only in the neighbourhood of the boundary. That is, we put the solution in the form:

&):&)V-{-CT)K, (70)

where the correction term is assumed to vary appreciably in the directigrover the distance of the order
of the mean free path or y = O(¢) and to be appreciable only in the neighbourhood (or i#a O(e)) of the
boundary, that |sad>K/8y = O(d>K/e) and ®x vanishes very rapidly (or faster than any inverse power of
y/e) asy/e tends to infinity (Knudsen-layer correction). For the convenience of analysis, we further stretch the
coordinatey by 1/¢:

x; = %nn;i (X1, X2) + Xwi (X1, X2)- (71)
Then, the solution is conveniently expressed by the two(sgtse., y) and(x1, x2, n) of variables:

® =Dy (x1. x2 ) + Pr (X1, X2, ) (72)
The Knudsen-layer correctioﬁK(Xl, X2, 1) is also expanded in power seriescof
CT>K = CT>1<1"9 + qA>K252 + ey (73)

where the series starts from the term of orelesinced , satisfies the boundary conditionyat= 0 by imposing
equation (49).
In the new coordinate syste(y, x2, ), the Boltzmann equation (1) or (36) is rewritten as follows:

0D  dxp 9D
gzé_(Xl X2

— ) =J (D, D). 74
0x; dx1 8xi8><z> ( ) (74)

dD
§inia—
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Equation (72) with the expansions (37) and (73) is substituted into the Boltzmann equation (74), and the same
order terms ot are arranged. In this process, the fact thatsatisfies the Boltzmann equation is used, and the
series expansion @by in power series of:

~

&>V = (CDVO)O + 5[(&>V1)0 + ’7(8<T>V0/8Y)o] +o (75)

is applied to the product aby and ®x in the collision term, sinc@y is rapidly decaying. In equation (75),
the quantities in the parentheses with subscript 0 are evaluageg 8t As the result, a series of equations for
®k,, (m > 1) is obtained as follows:

RO -~ ~

CiniWKl =2J((Pvo)g Pk1). (76)
3Pk2 -2 = S ~ ~ s

giniW =2J((Pvo)g Pk2) + 27 ((Pv1)g+ n(dPvo/dy)y Px1) + J (Pk1, Px1). (77)

Equation (76) is the one-dimensional Boltzmann equation linearized around the Maxwélligy,, where
Uivo = Uy aNdTyg = T,.

The boundary condition foby,, is given as follows. The Knudsen-layer correctidg is introduced as the
correction to®y in the neighbourhood of the boundarypE O(1) and is assumed to vanish faster than any
inverse power of). Thus,

dyxn— 0, asn— . (78)

(The speed of decay is verified for a hard-sphere gas by Bardos et al. [22].) From equations (5) a;fzc(c(r?O),
®y + dg) should satisfy the following condition:

A

L0 )2
il eXp(—M) (¢in; >0), atn =0,
7

w

Dy + Op = — 2>
R ()R

whereé,, is given by equation (6) witkb = @ + . On the other hand, by the choice (49)yat 0,

Dyo= (Pyo)o= (;C;ZB)Q)O/Z X (—7@[ _A:wi)z) (79)
Therefore, af) =0,
Dy + P = (:fzgg/z exp<—(§i_f7fwi)z) (gn; > 0), form >1, (80)
where
G = —2\/2/{”“0 ¢inj (Pvp + P ) 02 (81)

Specifically, the boundary condition fdrx; atn = 0 is given as follows:

R vl — 8 e — G 2 4323
Py = —CDVO[Q)V:L,\ Owl 4 (& ?wz)MZVl + ,\Vl ((é‘z A”wz) . _)
wyo Tw Tw Tw 2
é‘iniA(\/ ({j - ﬁwj)z/fw) afvo
dyota ’ dy
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[ Awi in;B - Aw 2 Aw 8Ai
_Gi—u )CJ”jA (\/(/Ck Uyk)*/Ty) OU vo] (Cn; > 0), (82)

wyoTw dy

. . wyoT T (. . -
Owl=wy1+ Vci LE. \/A—<wvouiv1’li +2 Cjnjcbkldé')’ (83)
27, Tw ¢ini<0
where the relations (49), (53), aig,n; = 0 and the subsidiary condition in equation (B1) are used

The Knudsen-layer patt, ik, Tk, px, Pjx, Qix) of the macroscopic variable$, i;, £, p, Pi;, O;)

are defined as the remaind€s — ov, u; — i;v, T — Ty, €tc.). Then, they depend @, as well asd)K, since
the relations between the macroscopic variables and the velocity distribution functions, i.e. equations (7a)—(7f),
are nonlinear. For example,

(y + og)iixk = /Q‘&)K d¢ — ity . (84)

Corresponding to the expansion (73), the Knudsen-layer part of the macroscopic variables is also expanded in
a power series of. The relations of their component functions of the expansio® @ are given as follows:

Og1= /&>K1dé¥ (@yo)otlik1 = /C@KldC — @k1(#;ivo)o,

3. . . 2~ 3. .

é(a)vo)otm = / [£; — (ljvo)o] Pg1dE — éwkl(fVO)O’

Px1= (@yo)oTk1 + @k1(Tvo)o,

13in1 = 2/ (& — (ivo)o) [¢; — (ﬁjVO)O]CT)Kl de,

Qik1= /[ — (ivoo] [¢; (ijo)o} DypdE — §(on)obtzkl - (ﬁijvo)oﬁjkb (85)

The half-space problem, equation (76) with the boundary conditions (78) and (82), of the linearized
Boltzmann equation is, by the following transformation of variables, seen to be the combination of two well-
known Knudsen-layer problems: shear flow problem (e.g., Ohwada et al. [23] for a hard-sphere gas) and
temperature-jump problem (e.g., Sone et al. [24] for a hard-sphere gas):

A

o é‘i — Uy . é‘,‘l’l,’
x <> (wyo)on, & <—> 17 with {1 <—> 17z
Tw Tw
PEEEN fs/z b -3/2 2 n1/2
22 vl Q1 [EQ)=mexp(—¢7), ¢ = (&) 77 (86)
That is, equation (76) is reduced to
d
(1% = £0[¢] (X > O), (87)

where£0[¢ is the linearized collision integrdl[¢] defined in Appendix A (see also equation (B15)) wﬁ@v

(Or Bz, ), in place ofB;,,:

—¢)=t,Y?B(ja- (¢, — 0|2 18, — ¢18Y?). (88)

Efw(|a ' (g* -
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For a hard-sphere ga§fw(|a (¢, — 0l 1¢,—¢|) isindependent of,. For the BKW equationLo[¢] is given
by the following expression:

2 3 3
#/*Lolg] = / {1+ 266+ 3 (4? - 5) (c,-i - 5)]45(@*)1@(4*) &, —¢. (89)

The boundary conditions are, at= 0,

Wivi Tvif_, 3 $1A(C) dTyo 418 B(Z) 0itivo
— ) Wif.2_ 2
’ YRR (g’ 2) Fovots y | ayerl? v 7 (°0)
where
w1 = _Zl + «/_< All‘//zl + 2/ QoE d;) (91)

and, asx — oo,
¢ — 0. (92)

As will be shown with the aid of the theorem by Bardos et al. [22], the above boundary-value problem has
a solution if and only if the undetermined boundary data andzy, take special values, and the solution as
well as the set of the values is unique. Their theorem also assures that the solution decays with an exponential
speed ag — oo. The boundary data;y; andzy, are specified in the following form: at = x,,;,

N ko diijyot” N T
uivltl’(a) = _é)vo T? Mivlni - 07 tVl = = a0 (93)

wherekq andd, are functions of,, determined by the molecular model. Their accurate values are obtained for
a hard sphere gas and the BKW model:

ko =—1.254Q di1 = 2.4001 (hard-sphere), (94a)
ko=—1.0161%22, dy = 1.30272Y2 (BKW). (94b)
(The numerical data for the BKW are taken from Sone and Onishi [25].)
The macroscopic variablesy, i;x, Tk, Pk, 13”-,(, and Qik are expressed as follows:

~ 1 8‘[\/0 ~ 1 3fv0 o
= — Q = — | ® , 95a
“KL= ( dy ) 100)- K1 ((?)vo)0< dy >0 1) (932)
1 3ot ™
A~ () 1VOL ~ A~
iK1l = ——= Y, s i ; =0, 95b
ik (wv0)0< dy > o) Hikan (95b)
Byxamin; = Byanit'® = Byat®1 =0, (95¢)
Byl = §(M) Qi) + O] = 2r0 (950)
YRR 20 dy /o ' gm(Tw)
~ ~ o A 8ﬁl tl(a) ~
Qik1n; =0, Okt = <Tvo+§) Hy(n), (95e)
0

where Q,, Yy, ®1, and H, are functions ofj andt,, and their functional forms depend on molecular
models. The functiorg,, () of 7, is introduced, since the dependence of the above functiong,ds
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expressed in a simpler form for some molecular model including a hard-sphere gas and the BKW model.
That is, if the functionﬁfw (or the linearized collision operataty[+]) multiplied by g,/ (7,,) is independent

of 7,,, as for a hard-sphere gag, (,) = 1) and for the BKW model gy (Tyo) = f%z), then the functions
Ql(ﬁ)/gM(fw)v YO(ﬁ)/gM(fw)v @l(ﬁ)/gM(fw)v and HA(ﬁ)/gM(fw) as well aSkO/gM(fw) and dl/gM(fw)

are independent af,,. These functions, denoted 891 (1), Yo(n), ®@1(n), and H,(n) with n =7 (here) in

Sone [12], are tabulated for a hard-sphere gas and the BKW model th&@.df Lo[*] is not of the above-
mentioned form, the choice @f,(7,,) is arbitrary, but the function®, (), Yo(7), etc. naturally depend on the

form of gy (7,) as well ast,,.

The slip in the boundary condition for the viscous boundary-layer equations and the Knudsen-layer
correction appear at the order of(or ~/Kn). This is because the length scale of variation of the viscous
boundary layer in the direction normal to the boundary is of the orderlofe.g.,n;0ty/0x; = O(Ty /¢).
Accordingly, the thermal creep flow (Kennard [26], Sone [27], Ohwada et al. [23]) does not appear at this
order, since it is proportional to the mean free path and the tangential derivative of the boundary temperature.

In the following analysis, the boundary condition for the normal velogjty,n; at y = 0 is required, for
which the information ofii; xon; is also necessary. From equation (84), this is expressed by the velocity
distribution function®» as

(Oyo)otli k21 Z/Cini&%zdé', (96)

which is simplified with the aid of the second relation in each of equations (93) and (95b). Then, from
equation (77),

~, o~ o~

n ~ o~ ~ ~
(vo)oils k2ni = / ( / 27 ((Byo)g. Bx2) + 27 (D)o + n(3By0/dy), Bra)

o0

4 T (g, By dc) =0 (o7)

The last relation is obtained because the integration of the collision integral vanishes. On the other hand, on a
boundary with diffuse reflection (generally, on a solid boundary through which mass flux is abisens,0.
Thus, aty =0,
Uiyon; = —itjgon; =0. (98)

That is, the displacement effect of the Knudsen layer vanishes (or is of higher order). Then from equation (64),
wvyoll;von; can be expressed by the lower-order quantities as
Y d(wvollivy + C?)v1ﬁivo)li(°{)

0 Xa

2
Wyoliy2Nn; = —Wyiliyil; — Z Xa,a/o dy

a=1

SN & « Vi e @ A (@)
+2K/0 wVO”iVlnidy+Z(_l) gsfa/o (@voitivit;" + dyadivot;") dy
a=1

2 y A aiis (@) AN (3—a)
VoUivol; dwyolt;yol;
_Z/ y<KaXa,a% + ﬂXa,a%> dy
a=1"’0 0 X 0 X

: o (@)
-I-Z(—l)a(/(s—ags—a-i-ﬁga)/o yovolivot;  dy. (99)
a=1
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Now we will discuss the derivation of the relation (93) with the aid of Bardos’ theorem. They considered the
existence and uniqueness of the half-space boundary-value problem of the linearized Boltzmann equation (87)
for hard sphere molecules under the following boundary conditions=af,

¢ = (co+ c202+ c3ls + cat?) + f(&)  (c1>0), (100)
wherecy, ¢z, c3, andcey are constants and(¢;) is a given function, and as— oo,
¢ — 0. (101)

They proved that the solution of the half-space problem exists if and only if the conggants c3, andc,

take a special set of values, and that the solution as well as the constants is unique. Further, the solution is
shown to decay with an exponential speed as co. This proposition is also true, if an inhomogeneous term

that decays fast enough as— oo is added to equation (87).

In the half-space boundary-value problem (equations (87), (90)—(92)), putting aside the condition (91),
according to Bardos’ theorem, we find that the boundary valueslpﬁ,»‘/lti(“)/ful/z, andzty,/7, are expressed
as linear combinations of those @fy1n, /Y2, (3%vo/dy)/dvotw, and (di,vo/dy)/dyotL/?. Equation (91),
however, shows thatr; is given by another linear combination of the quantities, includingthat are
determined, according to the above discussion, by linear combinations of the boundary valygs pfful/z,
(0%y0/3y)/dvote, and (di;yo/dy)/dyot/2. Eliminating z; from the two independent equations for it, then
we obtain a relation among the boundary values §fin;//2, (3tyo/0y)/dvots, and(di;yvo/dy)/dyoty/>.
Thus, finally we obtain the relation (93).

The analysis has been carried out under the diffuse reflection condition. It is simple to generalize the
condition. The difference is only in Knudsen-layer analysis. The non-slip condition (49) is derived for a very
general condition. (See Sone and Aoki [11] for the explicit condition.) The slip condition (93) and the Knudsen-
layer corrections (95a)—(95e) for a hard-sphere gas under the Maxwell-type boundary condition remain in the
same form with difference of numerical data of the slip coefficiéggandd; and the Knudsen-layer functions
Q1, Yo, etc., which are tabulated in Ohwada and Sone [20] and Wakabayashi et al. [28]. For the mathematical
discussion for the Maxwell-type boundary condition, we need a more general theorem given by Coron et al.
[29].

3.5. Connection of Hilbert and viscous boundary-layer solutions

In the study of a flow with its Mach number of the order of unity around a solid boundary in the preceding
subsections, we found possible types of solutions: the solution (Hilbert solution) in the general domain and
that (viscous boundary-layer solutian Knudsen-layer solution) in the neighbourhood (within the distance of
the order of the square root of the Knudsen number) of the boundary, but have not finished the connection of
these solutions. Here, we will do that. For this purpose, we will review the Hilbert and viscous boundary-layer
solutions.

The velocity distribution function of the Hilbert solution is expressed as a given function of the molecular
velocity with the macroscopic variables, density, flow velocity, and temperature, as the parametric functions.
Up to the order ot, it is Maxwellian, and the variation of the parametric macroscopic variables is determined
by the Euler set of equations. In the neighbourheddof a boundary, the parametric functions are expressed
in the following form:

~ ~ . ah
hy = (hh0>0+8[(hh1)o+yni< axho) ] T (102)
i 0
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where the order with respect ¢as reshuffled.
In section 3.4, it was shown that the soluti@rin this neighbourhood is given as

D=y + Py (103)
If ®y is expressed as the sum:

CT>V = CT>H + CTDVC, (104)

where® is a correction function decaying rapidly (or faster than any inverse powgr a$y — co, then
the connection of this solution and the Hilbert solution can be made. We will derive the connection conditions
of the two solutions.

The viscous solutiom is also expressed by a given function of molecular velocity with the macroscopic
variables as the parametric functions. The first three terms of the expansiarengiven by equations (46),
(55) and (63), the first two of which are repeated here for easier understanding of the process of analysis:

= Wvo = [z = (& —divo)
O] ex = 2, =, 105
V0o — (T[T 0)3/2 Fx é- ) { é-z é- f&/02 ( )
~ ~ I/tl T 3 ~[I’Z[A z ot ~i~-n B z Bﬁl
<Dv1=¢’v0 1\;21_1_ Vl({ __)_CA A(C) vo_é“é:] j /(24“) vo] (106)
vo Ty v 2 wyoTyo 0y dvolyo dy

The function®y is Maxwellian. This is a favourable feature sin®g, is also Maxwellian. If we consider a

point wherey is large, butey is small, then the correctio®y ¢ is negligible there, since its exponential decay

is assumed. If they agrees withd,,o there, ®y o is connected withd,o. (The reshuffled form ofd,,,, or
equation (102), in the thin layer should be used here.) This agreement is satisfied if the following conditions
are fulfilled: Asy — oo,

@vo ~ (@ho) > ivo~ (@in0)g» Tvo ~ (Tho)o- (107)

The next-order viscous boundary-layer solutidp, is not Maxwellian, but it reduces to it in the region
wherey is large butey is small. In fact,d#yo/dy anddii;yo/dy in the non-Maxwellian terms ob; are small
guantities of the order af, since the rapidly varying part (or the termsigby = O(1)) is negligibly small there
owing to its exponential decay and therefore only the moderately varying part (or the tefyisyet O(e))
remains there. Thuspy; reshuffled as well a®,; is Maxwellian there. Therefore, by the same reason as the
first order term, the connection can be made if the macroscopic variables satisfy the following conditions: As
y — 00,

R R 3who) . N <3Mzho) . R <3Tho
wy1 (whl) +yn]<8xj . Uiy (uzhl) +yn; 0%, )o Tyl (Thl) +yn; ox

>0. (108)

J

Thus, if we can find the solution®y,,,, @;,., T (m =0, 1) of the Euler type sets of equations and those
wvm, Wivm, Tvm (m =0, 1) of the viscous boundary-layer type sets that satisfy the connection conditions (107)
and (108), and confirm that the viscous boundary-layer solution approaches the state at infinity compatible with
the connection conditions (107) and (108) with an exponential speed, then the connection process is finished
up to the order of. In the next subsection, we will show how the solution satisfying the connection conditions
is constructed.
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3.6. Recipe for construction of the solution

We have seen in section 3.3 that from equation (51) and the boundary conditioi;(42), vanishes, i.e.
equation (53) holds, and that from equation (52), is independent of, i.e. equation (54) holds. Then, from
the connection condition (107),

(ﬁihO) ol’l,' =0. (109)

This is used as the boundary condition for the Euler set (26)—(28) on a solid boundary. This is the standard
boundary condition for the Euler set of equations in the classical gas dynamics. Solving the Euler set (26)—
(28) under the boundary condition (109) (and the other necessary condition, e.g., the condition at infinity), we
obtain the leading macroscopic variableg, i;,0, Tho, and puo, thus (wuo)o, (ﬁiho)ot,»(a), (Tho)o, and (pro)o.

Then, from the connection condition (107) with the aid of equation (1 4tie behaviour ofyo, i:yot, Tyo,

andpyg asy — oo is determined. From equation (54) and the conditiorppgasy — oo just obtainedpyg

is determined:

Pvo= (Pno)y- (110)

The conditions oni; 1! and?y asy — oo just obtained, together with the conditions @ o™ and#yq

at y = 0 given in equation (49), form the boundary conditions for viscous boundary-layer equations (57) and
(59). In equations (57) and (59 is given by equation (110)yvo = pyo/Tyvo by equation (14d), and a
higher order quantityoyoii;y1n; is expressed by lower order quantities by equation (56) and the boundary
condition (93) as follows:

2 , A (@)

N Y dwyoltivol; N

wyoUivil = — Z/o (Xa,a# - (_l)ag3faa)VOuiV0ti(a) dy. (111)
a=1 &

Thus, equations (57) and (59) with the supplementary equations,(1éid)0), and (111) are reduced to the

equations fovﬁ,-voti(“) andzyo. These equations with the above-mentioned boundary conditions at infinity and

aty=0 determina?,»voti(“) andtyg, thus all the macroscopic variables at the leading order of the expansion.
Now we proceed to determination of the quantities of the a#dErom the first in equation (107), the second

in equation (108), and the expression (111)if1n;, including the condition of rapid approach, the value of

iipin; on the boundary is given as follows:

o0 1 2 36?)\/012,‘\/01‘;(1)
~ A ()
Uin1) gl =—/ - <X o — (=1)%g3_o@vyoll;vot; )
( 14 )0 14 0 [(whO)O; o, 8Xa a L 1

+ (8uih0) n,-nj] dy. (112)
0 0

Xj

This is the boundary condition for the linearized Euler set (29)—(31); in equations (30) and (31) the coefficients
of the derivatives ofi;;,; and 7,; normal to the boundary vanish on the boundary owing to equation (109).
Equation (112) is an appropriate boundary condition for the set. (Note: (a) A simpler example of this type
of boundary-value problem for the linearized Euler equations is found in the analysis of a uniform flow
of an inviscid gas past a thin body. (b) (fi;,0)on; > 0, specification of the normal componefi; n;

only is not sufficient. We will give a simple explanatory example of this difference in Appendix C.) From
the linearized Euler set and the boundary condition, the first-order quarditiesi;,1, 7,1, and py; (thus

(®p1)o0, (ﬁihl)ot,»(a), (Th1)o, and(p,1)o) are obtained. Then, from the connection condition (108), with the aid
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of equation (15d), the behaviour o0&y, ﬁ,»mti(“), Ty1, andpyq asy — oo is determined. These conditions give

the boundary conditions for the viscous boundary-layer set of equations (58), (65) and {64 as. Their
boundary conditions at = 0 are given by the first and last relations in equation (93). The higher-order normal
velocity i ;yon ; in equations (65) and (67) is replaced by equation (99). Equations (58), (65) and (67) with the
supplementary equations (15dand (99) and the boundary conditionsyat O and at infinity determinéy,
ﬁiv1ti(“), pvi, andzyq, thus all the macroscopic variables at the ordes. of

4. Discussions

We have obtained the system of equations and boundary conditions that describes a flow of a slightly rarefied
gas with a finite Mach number up to the order of the square root of the Knudsen number and described
the features of the system and the procedure for finding the solution of the system. The viscous boundary-
layer equations in the three-dimensional form obtained, however, are complicated and their character is not
transparent. Thus, we here list the equations and boundary conditions in the two-dimensional case and give
supplementary explanations. In the following discussion, the quantities are assumed to be uniforpy along
coordinate, ang;, which is orthogonal tg, and is taken in such a way that 1 = 1, is simply denoted by.

For simplicity,ﬁ,»thi(l) andu;y,,n; are denoted, respectively, by, andv,,. Generally, the order of expansion

is denoted by the subscript of each quantity, and the subséfipts andg and the superscripie) and(B) are
omitted (e.g.,zi(l) — t;, k1 —> k, ko > 0, g, — 0, ¥, — 0). The viscous boundary-layer equations and their
boundary conditions obtained in sections 3.3-3.5 are rewritten as follows. The leading-order equations are

vo =0, Po= po(x) = (Pro)os (113)
ad ad 1dp 10 ad
ooy 2 + 01 ) =5 24 5o (P52, (114)
dx ay 2dy 20y ay
3. 370 370 [ duo 8v1> Al/z(auc,)Z 59 ( Al/zafc,)
> T2l = —po 24+ 22 ) 422 29, 115
zwo(uoax +v1 8y> Po(ax + 3 + 717 3y + 23,7200 5 (115)
where
1 /7 ow
g = pAo/fo, andv, = —— @olto (116)
woJo 0y
Their boundary conditions are
Ug = ilyit;, To = Tu, aty =0, (117)
uo ~ (@ino)oti, 7o~ (Tho)o, @Sy — 00. (118)

The (pro)o in equation (113) andu;,0)of; and (7,0)0 in equation (118) are given by the solution of the Euler
set (26)—(28) under the boundary conditi@,o)on; = vo(y — 00) = 0.
The next-order equations are
A Oug dug

N 8141 N N 8140 N N 8140 N N
woug— + (wou1 + wiug) — + wov1—— + (Wov2 + W1v1) — — K WolUgV1 + Kywouog——
ax ax dy dy dx

1/0p1 3130) 10 [ A1/2<8M1 > . dylfé/z dug ~1/20Uo
_ (P OP0) 2O o o _ o0 (119
2<8x + Ky o +28y Y170 5 +Kkug ) + 171 TR Ky1To 5 (119)
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30 o (120)

3. 071 3 o 071 970
Zdovi— + = (wovz + wlvl)— + zwouo— + = (woul + wqug + Kywouo)—
2 ay 2 ax ax

[avg ! ouy 4 ( 8u )] (Bvl 4 auo)
kly— —v —
ady ax yax ! P ay ax

—Po

0 d 0 0
{ A1/2<ﬂ +Ku0) +7 )/1T0 ﬂ} oo
5

dzig 9y ] ay
ad A1/28f1 ~ d)/zfo aT0:| 5 Al/zafo
Sty =— — Zkptyt—, 121
*23 { 0 By T d, gy 4 Gy (121)
wherew, andv, are given by
170 = p1 — oy,
D 1 /v /o O RID
Up = —w}vl - = (—(a)oul + @) — KUy + Ky w0u0> dy. (122)
wo  woJo dx ax
The boundary conditions at= 0 are
ko 0 dy 07T,
B R (123)
wo dy o dy
The conditions at infinity are as follows: as— oo,
. . GIOT . Otino A dTho
w1~ (a)hl)0+ynj( axj )0, Ui~ (Mihl)oti +yn; (le)oti’ T1 ™~ (th1)0+ynj (E)o

The data on the right-hand sides are given by the solution of the Euler set of equations (29)—(31) under the

boundary condition:
N o0 aﬁih0> 1 aa)ouo]
Uip1) i = — — | nn dy. 124
(iin2)o /0 [( dx; /o (who)o ax Y (124)

The viscous boundary-layer equations and boundary conditions (114)—(118) at the leading order are the same
as those for the Navier—Stokes equations for a compressible gas (the compressible gas version of the Prandtl
boundary-layer equations and their boundary conditions). The next order equations also do not contain the
non-Navier—Stokes stress and heat flow terms. The term contatnthe?,’%/ diy or 71 dy,y’?/ dfo is due
to the fact that the viscosity or thermal conductivity of the gas depends on its temperature. These equations
are derived from the Navier—Stokes set of equations for a compressible gas where the coordinate normal to the
boundary is stretched by the factor of the square ¢d@e of the Reynolds number, by a power series expansion
in Re"Y/2, (Note the relation (10), which depends on the stress formula (68) in converting the mean free path to
the viscosity, for the transfer from the Ré?-expansion ta-expansion.) The result does not support the claim
by Darrozes [6] that the boundary-layer equations describing the leading effect of gas rarefaction should contain
a non-Navier—Stokes stress term. (In his paper no explicit equations are given.) Owing to special anisotropic
character of the viscous boundary-layer equations, a higher-order quantityvdrich is expressed by lower-
order quantities, enters the equations that determine the behaviéyy ©f, p,, andz,. However, in view of
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the fact that its boundary valu@-,) vanishes owing to the displacement effect of the Knudsen layer being

of higher order, the contributions up to the orderdKn are included in the system of the Navier—Stokes
equations (in the nonexpanded original form) and the (correspondingly rearranged) slip conditions consisting
of tangential velocity slip due to the shear of flow and temperature jump due to the temperature gradient normal
to the boundary.

In the analysis of the viscous boundary layer, we do not follow the method of our previous analyses of this
type of problem, that is, we do not split the solution into two parts: the Hilbert solution and its correction. This
is because the viscous boundary-layer equation is usually obtained in the form without splitting and we want
to keep the resemblance here. We can, of course, carry out the analysis in the splrbfoﬁmd) u+ dve,
where ®yc is the viscous boundary-layer correction to the Hilbert solution and is assumed to decay rapidly
away from the boundary. Correspondingly, a macroscopic variabis split as

hvo = (hno)o + hvco, hvi = (hp1)o+ yni @hno/dx)0 + hver, ..,

whereh represents, i;, etc. The analysis ob . is carried out in a similar way to that @f,. The equations

that determine the behaviour bfco, hyc, etc. are naturally those obtained by substituting the above relations
into the equations fofiyo, hyi, etc. An equation fotiyc,, is denoted by the superscrlpt * on the number

of its corresponding equation. From equation ¢58hd the condition of rapid decay @f,c,,, it is found

that (i2;,0)on; = 0, which is the boundary condition (109) for the Euler set (26)—(28). From its solution,
(®ro)0, (ﬁiho)ot,-(a), (Tho)o, and (ppo)o are determined. From equation (54)nd the condition of rapid decay

of pyco, it is found thatpyco = 0. Equations (57) and (59) with the supplementary equations (11&nd

(14d);, are the equations for the correction functiabg-o, ﬁivcoti“), tivcin;, andtyco; equation (49) and

the condition of rapid vanishing dfyco asy — oo are their boundary conditions. This system of equations
and boundary conditions contains an undetermined boundary valygon; as well as the determined

data (@n0)o, (@imo)ots™, (iino/dx;)onin;, (£r0)0, and (Pro)o. The undetermined datéi;i)on; should be

a special value for the system to have a solution. That is, taking the limit-asoc of equation (111)

with y(@,00i:00/3x)on;n; term shifted to the right-hand side and taking into account the condition of rapid
vanishing, then we obtain equation (112)The condition does not generally assure the existence of solution.)
This is the boundary condition for the Euler set (29)—(31). The discussion for the further steps can be carried
out in a similar way. In this procedure, the connection conditions are replaced by the condition of rapid decay,
and the discussion may be more comprehensible. The two ways of analysis are equivalent.

We have not mentioned about the shock layer (Grad [30]). A thin layer with sharp variation across it may
appear inside the gas region when a local Mach number in the flow is larger than unity. It is not difficult to
incorporate the layer in the present solution if the layer is outside the viscous boundary layer (or in the Euler
region). Up to the first order af, in the same way as in the classical gas dynamics, the layer may be taken as a
discontinuity, and the regions across the discontinuity have only to be connected by the shock wave condition
(Rankine—Hugoniot relation). The internal structure of the layer is expressed by that of the plane shock wave
(Caflisch and Nicolaenko [31]).

In the present analysis, we considered a flow of a finite Mach number and obtained the Euler or viscous
boundary-layer equations for a compressible gas as the fluid-dynamic type equations. The analysis for a flow
of a small Mach number but a large Reynolds number can be carried out with small modification, and the Euler
set of equations and the set of viscous boundary-layer equations for an incompressible gas are derived as the
leading-order system. The situation where the Mach number Ma is of the order'f kn andn (< m):
positive integers) and the variation of temperature of the boundary is the same order as the Mach number is
considered. Then, the leading Maxwellian distributibpy or ®y, is a uniform state at rest (d¥,0 andz,g are
constant and;,o = 0, or @yg andtyg are constant andl;yo = 0), and a nonuniform term starts at the order of
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Kn"/™_ The Reynolds number Re(Ma/Kn) is of the order of Kn” /™ Thus, the thickness of the viscous
boundary layer may be considered to be of the order df'KwW?2"L; correspondingly, the stretching factor
of the viscous boundary-layer coordinate isK#™/2" With these differences in mind and taking K#' as

the expansion parameter instead: @br Kn'/?), the analysis (the Euler region, the viscous boundary layer, the
Knudsen layer, and their connection) can be carried out in a similar way to that in section 3.

5. Concluding remarks

We have developed an asymptotic theory of a rarefied gas flow of a finite Mach number in a general domain
for small Knudsen numbers. The behaviour of the gas is conveniently described by splitting the domain into
three regions: Euler region (or the overall region except in the neighbourhood of a boundary), viscous boundary
layer, and Knudsen layer. The solution is expressed in a power series of the square root of the Knudsen number,
and in the former two regions, the behaviour of the gas is determined by equations of fluid-dynamic type
(or equations governing the component functions of the expansion of the macroscopic variables, density, flow
velocity, and temperature, of the gas): equations of Euler type in the Euler region and those of viscous boundary-
layer type in the viscous boundary layer. Up to the ordew/®n, these equations are those obtained by
the expansion of the Euler set of equations in the Euler region, and the equations obtained by the expansion
of the compressible Navier—Stokes set of equations in the viscous boundary layer. (Note: The relation Re
= (2/y1)(10/37)Y?Ma/Kn between Kn and Re, which is the result of the relation between the mean free path
and the viscosity given by the nondimensional form of the stress formula (68), should be taken into account
in the expansion, wherg, is evaluated afyo = 1 for a general molecular model.) At the orderdKn, the
viscous boundary-layer equations should be solved under the slip conditions (or the first and last relations in
equation (93)) for the tangential velocity and temperature. In these equations, the component function at the
order Kn of the expansion of the flow velocity normal to the boundary, which is expressed by the lower-order
guantities, is contained owing to strong anisotropy of the viscous boundary layer. Because the boundary value
of this component vanishasi;v,n;)o = 0, equation (98)) owing to the displacement effect of the Knudsen
layer being of higher order, the contributions up to the orgén are included in the system of the non-
expanded original Navier—Stokes equations and the correspondingly rearranged slip conditions (consisting of
tangential velocity slip due to the shear of flow and temperature jump due to the temperature gradient normal
to the boundary). The result of the present asymptotic analysis is different from that of Darrozes [6].

Finally, it is noted that the kinetic boundary condition on a body or bodies is used in deriving the
supplementary equation (111) or (99) for the boundary-layer equations (57) and (59) or (58), (65), and (67),
as well as equation (53). The information of the Knudsen layer is contained in the corresponding equations of
higher order than those given in the present paper.

Appendix A. Solutions ®y; and ®y,

The particular solution of the integral equation for,,, (equations (43), (44), etc.) is expressed by a
polynomial ofz;, with coefficients of functions of . This is derived from the isotropic property of the collision
operator with respect tg) as follows. (See, e.g., Sone and Aoki [11].)

Consider the following linear integral equation which is equivalent to the integral equations (43), (44), etc.
for ®y,,:

Llgl = H(&). (A1)
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Here,H (¢;) is a given function ot;, and L[¢] is the linearized collision integral defined by

L[$] =/E<;*><¢/ +¢L— ¢ — b)) By (la- (&, — 0, 1¢, — ¢1) dR () dg,, (A2)
E(é‘):ﬂ_s/zexp(—é‘z), é- — (é_iZ)l/Z,
whereB:, (|l - (&, — O, 1¢, — 1) is
Byl (€, — )12, —21) =20 B(loc - (. — O|FE. 1€, — L1505, (A3)

For a hard-sphere ga§fvo(|a (¢, — 0l 1¢, — ¢ is independent ofy(. The transformation from equation
(43) or (44) to equation (A1) is carried out in the following way: change the variablés ¢; [= (5 —
ﬁivo)/f%z]; eliminate~ overg;, etc.; make corresponden&a/m to E¢. For the BKW equation, the linearized
collision integralL[¢] is given by

2 3 3

We will derive the general form of the solution of the linear integral equation (A1) wii@n) has a certain
symmetry as well as satisfies the solvability conditions:

J@ e =0 (A5)

Now take a group of integral equations:

Ll i G = Hiy, i, (&), (A6)

where the inhomogeneous terms, _;, (&) are assumed to be symmetric with respect to their subscripts
(i1, ..., I,) and to satisfy the following isotropic property:

Hiy i Cinn) = Cigjy - i By (G, WIth €l i = 655 (A7)
It is noted here that the collision integral also has this property. That is, let
Fiyoin (G0 = L[+ 83, f (O] (A8)

and then

El »»»»» im (gkh é’h) = Ziljl o gimjm F] ''''' jm (é-k) (Ag)
., (&) are, of course, symmetric with respect to the subsctipis. ., i,,).
(&) that are orthogonal to, %;, and ;“].2 (the solutions of the associated homogeneous

The functionsF;,

The solutionsp;,
equation):

»»»»» Im

[ @6 i GOEC & =0, (A10)

have the same isotropic property:

Gi,oim Cann) = Ligjy iy ju P, jin (G- (Al1)
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The solutionsp;, ., (¢) are also symmetric with respect to the subscripts. . ., i,,).

On the other hand, any group of functios, _; () that are symmetric with respect to their subscripts
(i1, ...,I,) and that have the isotropic property:

Doy i Canln) = Ligjy iy jun P (G1),s (A12)
are known to be expressed in the following form. (See, e.g., Sone and Aoki [11] for elementary derivation.)

[m/2]
D, celm = n PIRY) 81'(-1' te (Siei ’ Al3
1, (é‘h) nz=0g (é‘)z*:g é-b d L f ( )

m—2n n

whereg, (¢) is an arbitrary function ot, the symbol[m /2] is the largest integer that does not excee(2,
and the summatioly_, is carried out overm!/2"n!(m — 2n)! terms in the following way: dividen subscripts
(i1,...,1,) into two sets: one witlm — 2n elements,, ..., i, and the other with 2 elements, ..., iy, for
which there aren!/(2n)!(m — 2n)! ways of division. For each set, consider all possible ways to makars
(ic,iq), ..., (. ir), Which are(2n)!/2"n!. Then there aren!/(2n)!(m — 2n)! x (2n)!/2"n! terms. The}_,
means to sum up all these terms. For some small values df;, _; (¢,) is given as follows:

®(&n) =g0(¢) (m=0), D;(¢n) =¢igo(t) (m=1),
;i () =¢i¢jgo(¢) +8;j81(8) (m=2),
D; k() =CiCiCkgo(C) + (Gidjk + &jdpi + &idij)gr(c)  (m=23).

With this form of function asp;, ;. (), solution of the integral equation (Al) for a function of three
independent variables ¢, and¢s is reduced to that of an integral equation for a function or functions of
one independent variable For example, wherH (¢;) in equation (A1) is given by1(¢2 — 5/2), theng is
expressed ag ¢g(¢), whereg(¢) is the solution of the integral equation:

L[218(2)] = ¢1(¢?—5/2), with the orthogonal conditorfoOo c*g(D)E(¢)d; =0.

Arranging the inhomogeneous terms in equations (43) and (44) in such a way that the above discussion of
solution of the integral equation (A6) may be applied, we find that the solulgps(m = 1, 2) are expressed in
the form given in equations (55) and (63) with the aid of the functiet), B(Z), etc. defined in Appendix B.
In this process of arrangement of the inhomogeneous térteyms are treated separately, since each of any
subdivision of the/ terms satisfies the solvability conditions owing to the symmetry relation of the collision
integral (see, e.g., Grad [15], Cercignani [14], Sone and Aoki [11]) but is not symmetric with respect to some
of its subscripts. (See Appendix B.)

Appendix B. Functions A(¢), B(7), etc. andys, y», etc.
The functionsA(7), B(Z), etc., appeared in section 3.3, are expressed by linear combinations of solutions

of the following integral equations with a subsidiary condition (indicated by sc) related to equation (A10). In
this Appendix the symbols and¢ are used instead @f and¢ for simplicity.

5 o0
L[GAQ)] =—¢ <§2 — §>, sc: /O CAA)E) de =0 (B1)
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c L5, \ B ()] = 1B B2
§i§j—§§ ij | =1B;;; (B2)

L(&8jx + &8k + b)) () + 66T ()] = ITSY,
0

LIS TP @) + (&80 + 48i) T3 @) + 6,0 L] = 1T,
sc: /°° (50T + STV E(r) de =0, /oo (5¢4T9 + ¢ TO) E(¢) de = O (B4)
0 0

L[(8:8u + 881+ 8u8,1) QL (0)
(G0 + GiGdj + G884 C 0 + & 88 + Gl QY (0 + 6t Q3 (0)] = IQEJ(_)]L’

se: | T (16715200 + 100 + £°0) E¢) de =0, (B5)

L[8ij8u QI (©) + (ixdj1 + 81-15,-1()@(1%)({) + (§igjdu + é“ké“l&j)@(z?(é“)
+ (Gl + s+ §itedi + £68u) QR + 6406 QL ()] = 101

se: [7(L¢?) (15208 + 10408 +¢°09) E¢) ek =0,

and /0 (L, ¢2) (152043 + 10:4 Q%) + ¢° QP ) E(0) d¢ =0 (B6)
LIN®@]=IN™,  sc: / T (L )N EQ) dr =0, (B7)
0

Here,L[¢] is the linearized collision integral defined by equation (A2), Wh@gr‘g is given by equation (A3).
For the BKW equation, it is given by equation (A4). The inhomogeneous teBff8, 17,;, etc. in equations
(B2)—(B7) are as follows:

189 = —2(ce, - S, 180 (ee— s\
17— glé‘J 3 LA ij {lé‘] 3 i ({)7

@_ [y, 5 - L 0AQ) . aA(g))
IBij = ({lé‘] 38U> (2@' 3)A(§) {—aé_ + 2%yo afvo ,

1 8
187 =55 (vao (GAGVEQ). GAQEQ) = 2> Jiyo(GAGEQ). gA(;)E(g)))
k=1
4 ¢?

IBi(j) = (fifj - 5&])3(0)@-); (88)

ITi;'?c) =—55;0BQ Q) + va(Cid i + Cid + Gdij)

19A(¢)
ITiﬁ) =—4iCilk (ZA(K) — Z?)
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B
113 = =g (62 = 9B ~ 57 ) + B+ g+ i),
. 9BO .
ITR ==L Gtvo PE © B0 (6381 + ki + Gidy); (B9)
Tvo dtyg
1T, = T4, o (GAQEQ), §GBOQE©)/E®©); (B10)

3
IQE?,L=—{ 28<°>(z)+2y1(; —5)}(sij8k1+8ik8jz+8i,8,-k)

1aB©
— GG (zzs“”(g) 5 f) ) ; (B11)
10 = i (66 BOEQ), G&BOC)EQ))/E®©): (B12)
IN® =262(c?- )A(g)—q A6
a¢
. 0AQ) dyz 3
Q@ _ 2_ -
INT =2t 3 dAvo <§ 2>’
IN® =£2A) - §y2(;2 - %)
3
<3>— Z 20 (LA E), GAQEQ)). (B13)

k

The summation sigi’ is used mIBl.(j) andIN®, since the summation convention is a little difficult to be
distinguished there, and the comma in the subscripts on the inhomogeneoud Tfinand 1 0.7, are put
to show their non-symmetric property with respect to the subscripts./Jihep. ¥), y1, andy, in some of
the inhomogeneous terms in equations (B2)—(B7) are defined as follows!; ] li¢, v) is given byf(qb, v)
(equation (2)) where is replaced byB;,, (equation (A3)), i.e.

1 /g /gl I~
Joo (@) = §/<¢*w + WL — bup — Y Bag (|- (&, —

—¢|)dQ2 () dg,. (B14)
Incidentally, the linearized collision integrél¢] defined by equation (A2) is related #g,,(¢, ¥):
E(G)LIPl = 2J3,(E, E@). (B15)

They, andy, are given by the moments &© (¢) and A(¢):

n=16B?).  ya=2I5A), 1,(2)= / (" Z(2) exp(—2) de (B16)

15f

It is noted that some terms (e.gls,, (& E(Z), {;A(Z)E(Z))) of J(Pyq, yy) in the inhomogeneous term

of equation (44) can be transformed into simpler forms for which the solution is easily found. (lts detailed
explanation is omitted because of limited space.) For the BKW equation/iheterms in the above
inhomogeneous terms are taken to be zero.
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The inhomogeneous terms of the integral equations (B1)—(B13) satisfy the solvability conditions. The forms
of the solutions are guaranteed by the discussion in Appendix A. (See Sone and Aoki [11] for the details.)
The inhomogeneous ternig; ?}( andIijo)kl are not symmetric with respect to some of their subscripts. Thus,
the statement in Appendix A is not directly applied, but the forms of the solutions corresponding to these
inhomogeneous terms are verified by simple generalization of the argument in Sone and Aoki [11]. (Note: the
present forms of the solutions are determined under the condition that the isotropic condition (A11) hold for
both the cases of the determingt;|| = 1 and—1.) The subsidiary conditions are the conditions that the
solution is orthogonal to the solutions of the corresponding homogeneous equation, such as equation (A10). In
equation (B2), the orthogonal conditions are incorporated in the form of the solution in view of the fact that the
traces, with respect to the subscript;), of the inhomogeneous term (B8) vanishes. Except for a hard-sphere
gas, the solutions of the integral equatioAs;), B (¢), 7™ (¢), etc., depend ofiyy.

The functionsB(¢), B1(¢), Q1(¢), etc. as well asi(¢) in the solutiongby; and®y, are expressed by linear
combinations of the solutions of the above integral equations as

B()=B9¢), Bu)=-BP©Q),  Bat)=-B?)-28B%),
NA@) = —% NO@)+ NP+ NP +2NP ()],

1
NB<¢>=—§N<2><:>, TAO=T1©) (N=1,2),

T2 =T + T2 @)+ T2 (¢) — 21,90,
2O =T+ T2 @) + T%) - 27,%(2),

Q10) =) — 90 (¢) — ZB“‘)@) Q2() = QP (2) — O (¢),
Q3(¢) = QX (¢) — O (2) + B“‘)@), Qu(¢) = QP (¢) — OP(2). (B17)

Similarly to y; andy», the ys, y7, vs, ¥9, andyig, appeared in the formulas of stress tensor and heat flow
vector (equations (68) and (69)) as well as in the fluid-dynamic type equations (65)—(67), are defined by the
following moments of solutions of the integral equations:

1
ys=2Is(B1) = 5I6(7;") + Is(T3"), vr = 1s(B2), ve = 16(Q2) + ?18(94),

5 1
vo=—ls(Q— Q) =—1s(BY),  yio=gl(T") + 5ls(%). (B18)

The second equality in the equation fpy is derived with the aid of self-adjoint property of the linearized
collision operatotZ(¢).

The numerical solutions ok(¢), B(¢), BY(¢) (@sF (7)), T,.°(¢) (asD1(2)), and T, (¢) (as D,(¢)) for
a hard-sphere gas are given in Ohwada and Sone [20]. (The functioim equations (A1)—(A5) on page 409
in the paper is a misprint for2v(¢).) Some ofy,, are

vz =1.947906 y7 =0.188106

For the BKW model,

AQ)/tvg=¢2—5/2,  B()/tyy = BY () /tvo=—¢2+5/2,

T2@)/tvo=—1, T2)/tvo=2; V3=V7=V8=V9=Vlo=fvo-



358 Y. Sone et al. / Eur. J. Mech. B - Fluids 19 (2000) 325-360

(The definitions ofA(¢), B(¢), andy,, for the BKW model are modified from those in our previous papers,
Ohwada and Sone [20] and Sone et al. [32], etc. In the present definitions, we can save separate comments on
the equations in section 3.3, etc. for the BKW model, althodgh), B(¢), andy,, containtyg in the new
definitions.)

Appendix C. On the boundary condition for the linearized Euler set of equations

Here we will give a simple explanatory example of the difference of the appropriate number of boundary
conditions for the linearized Euler set of equations depending on situations. Consider a two-dimensional case
of an incompressible ga® is constant). The flow is assumed here to be very close to a uniform flow. The
uniform flow, naturally, satisfies the Euler set of equations.(XetY) be the space coordinates, andpgtt p
and(U +u(X,Y), v(X,Y)) (po andU: positive constants), respectively, be the pressure and the flow velocity,
wherep, u, andv are small quantities.

The equations for the perturbed quantities, and p are the linearized Euler set:

ad a ad 10p ad 19p

du v du _ _1op v 10p (1)
X 9y X 00X X 0 dY

The coefficients obu/dY anddv/dY vanish in the last two equations. In terms of the stream funclion
u=09oWv/3Y, v=—0W¥/0X, the set of equations (C1) is reduced to the single equation for the voutidity

9
AW =0, (C2)
aX

which shows the invariance of vorticity along the streamlines of the uniform flow.

() Consider a uniform flow past a thin body set parallel to the flow, giveryby f*(x) (0< x < L),
where f* or f~ expresses the upper or lower surface of the body|gfid is very small. Then the boundary
condition thatv;n; = 0 on the body can be replaced by the conditioa Udf*/dX atY =0, (0< X < L).

The condition at upstream infinity i8 = v = 0. From the condition at upstream infinity, we obtain the
Laplace equatiorAW = O over the whole field. The boundary conditions a/0X = —U df*/dX at
Y =0L (0< X < L)and¥ =0 at infinity.

This boundary-value problem of the Laplace equation has unique soltidfrthe difference of the values
of W at the origin and at infinity is specified, which corresponds to the circulation around the body. In other
words, the boundary-value problem for the linearized Euler set of equations under the boundary conditions that
visgivenonY =0, and Q. (0< X < L) and thatu, v, andp approach zero a& — —oo determines the flow
field except the circulation around the body, which cannot be determined within the framework of the steady
Euler set of equations.

The problem that we are discussing in the present paper is an extension of this example. Let the solution
o, Uino, andTy,o (Or ppo) Of the leading order Euler set of equations be given. From the linearized Euler set
of equations, equations governing the variation of perturbed vorticity and entropy along the streamlines of the
solution of the leading order are derived. The streamlines do not pass the body and they are along the boundary
of the body, sinc€ii;,0)on; = 0 (equation (109)). The perturbed vorticity and entropy are determined by their
upstream conditions. This is an important point. To make this point clearer, consider the following problem.

(I) Consider an artificial problem. The difference from problem (1) is the position and the property of
the body. A body of length. and of zero thickness is set &t = 0 and between & Y < L. The body
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is assumed to disturb the uniform flow a little. Then from the conditiog v = 0 at upstream infinity

(X - —o0), we obtain the Laplace equation =0 only in (—o0c < X <00, Y <0 andY > L) and

N (—o<X <0, 0KYKL)buwAv =F¥)in (0O<X <oo, 0<Y <L), where F(Y) is an
undetermined function of. Then we need a condition (or an upstream condition) to deterrhi(i®) on

X =0, (0<Y <L), where the normal component of the velocity of the uniform flow is positive, in addition

to the general boundary condition for the Laplace equation. Further, it may be noted that no additional condition
is required onX = 0_ (0< Y < L), into which the streamlines of the unperturbed flow go.
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